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CHAPTER 11 


Probability 


A Random Experiments and Probability 

11.1 Introduction 

The theory of probability owes its ongins to the study of games of chance or gambling, 
Suppose we are permitted to toss a com on payment of Rs 2 and are offered Rs 3 as a prize if 
the throw of the coin results in head If tlie com shows tail we do not get anything Should 
we play such a betting game or not 7 Or, suppose two dice are thrown in turn by two players 
A and B. If the total of the numbers on the two dice is more than 6, A pays Re 1 to B, if it is 6 
or less, B pays Re 1 to ^4 Is this betting game more favourable to A than to 5 7 These are 
the types of questions which mathematicians tried to answer which led to the development of 
the modem theory of probability 

The distinctive feature of games of chance is that we are faced with situations where 
under the given conditions more than one result is possible When we throw two dice the 
total of the numbers appearing on them can be any number from 2 to 12 Although we 
icnow what the jMssible results are, we are not sure winch one of these results will actually 
appeal Likewise, when we ask the question. “Is it going to ram tomorrow?”, we are 
referring to a phenomenon which may or may not occur 

Probability theory is designed to deal with uncertainties regarding the happening of given 
phenomena The word “probable” itself indicates such a situation, Its dictionary meaning is 
“likely though not certain to occui” Thus when a com is tlirown a head is likely to occur but 
may not occur Wlien a die is thrown it may or may not show the number 3, In the same way. 
when we talk of the list of probables for the national cricket or hockey team we are referring to a 
list of persons who are likely to play for the country but are not certain to be included in the team 

The aim of probability theory is to provide a mathematical model to study uncertain 
situations in the same manner as geometry provides a mathematical theory for dealing with 
practical problems concerning areas, volumes and space 

11.2 Random Experiments 

The basic idea to begin with is that of a random experiment The expression “random 
experiment” describes a general mathematical concept which covers all the particular cases 
which arise when one deaTs with uncertain situations 

The word “random” used above means “haphazard, occurring in an unplanned manner, 
etc ” Instead of using the expression “random experiment ”, we could as well have used the 
expressions “chance experiment” or “probabilily expenineiit” We contmue to use the term 
random experiment for historical reasons only, as this expression has been established througli a 
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long period of use The word random will occur in other contexts also and only be an 
indicator of the fact that uncertain situations are involved. 

Examples of random experiments are, tossing a coin, throwing a dieiselecting a card 
from a pack of playing cards, selecting a family out of a given group of families, etc In all 
these cases there are a number of possible results which can occur but there is an uncertainty 
as to which one of them will actually occur 

For the present we will say that a random experiment has been defined when all 
possible outcomes have been listed What this means is that for the purpose of developing a 
mathematical theory we can ignore the actual physical description of the random experiment 
once we have described the set of its outcomes. All further ideas can be developed from this 
set of outcomes alone The definition of a random experiment will be given later 

113 Sample Space 

We give the name sample space to the set of all possible outcomes of a random experiment 
Actually, we should use the expression “ sample space associated with a random expenraent”, 
since every sample space refers to a given random experiment But we shall mostly use the 
shortened expression “sample space'’only, the experiment to which it refers to being clear 
from the context, 

When we toss a com there are two possible outcomes only a head or a tail The sample 
space of this experiment (tossing a coin) consists of two elements and may be written as the 
set {H. T } Similarly, when we throw a die it can result in any of the six numbers 1, 2, 3, 4, 
5, 6 The sample space of this experiment consists, therefore, of six elements and may be 
described by the set { 1, 2, 3, 4, 5, 6} 

Suppose we toss two coins How shall we describe the sample space of this experiment 
We may think of the sample space as consisting of three outcomes only “no heads”, “one 
head only”, “two heads”, or, as “no tails”, “one tail only”, “two tails” If we can somehow 
distinguish one com from the other, by tossing them one after the other, for example, the 
sample space can be seen to consist of four outcomes, 

“head on first coin, head on second com”, 

“head on first coin, tail on second coin”, 

“tail on first coin, head on second com” and 
“tail on first com, tail on second coin” 

This sample space of four outcomes may be described by the set 

where (H, T) stands for the ordered pair • first H, then T. 

Even if we do not distinguish one com from the other we describe the sample space of 
the experiment of tossing two coins by the set {{H, H), (H, T), (T, H), (T, T)}. The reason 
for doing so may become clear by considering the example of the experiment of tossing a 
com and a die together Here the sample space consists of 12 outcomes consisting of a head 
or tail occuring with any of the numbers from 1 to 6 This sample space can be described by the set 
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m 1), (//, 2), (H, 3). (H, 4). (H, 5), (H, 6), 

{T. 1). (7’. 2). (T. ZX (T, 4). (r. 5), (T, 6)}. 

Ivioro genefally, suppose we have a random experiment with rn outcomes x^, , 

and ahother with « outcothes y^, y^, . ,y^, then the sample space of the experiment which 
tonsisis of cartying out the two experiments together has mn outcomes and can be described 


by die set 




or, in tihort, by the set 


We shall denote the sample space of a random experiment by S and the outcomes of the 
CxpeHment, that is, the elements of set S, by q>,, .. 


Example Jj.l 

Ptom a group of 3 boys and 2 girls we select two children What would be the sample space 
of this experiment ? 


Solution 

We may nay that there are only three possible outcomes • tivo boys are selected, one boy and 
otle girl Is selected, 2 girls are selected. We could also say that since two children out of five 
can be selected in C (5, 2) = 10 ways, the number of possible outcomes is 10 If we designate 
the boys as B^ and the girls as Gj, the possible outcomes can be described easily by 



Hg. 11.1 

Thus the sani|ile space of the experiment is 


BjO,, BjGj. B3G,, B3GJ, G,GJ. 

Thus, the sample, space in this experiment should be taken as a set consisting of 10 elements 
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Example 112 

A com IS tossed, If it shows head, we draw a ball from a bag consisting of 3 red and 4 black 
balls, if It shows tail, we throw a die, What is the sample space of this experiment '> 

Solution 

We denote the red balls by i-,, and the black balls by i,, by b^ Then the sample 
space is the set 

{HVy Hfy HXy Hb y ^ y Hk y 

T\, 72. 73, r4, 75, 76} 

and consist of 13 elements 

EXERCISE 11.1 

1 If three coins are tossed simultaneously, what is the resulting sample space 7 

2 A com IS tossed twice If the second throw results in a tail, a die is thrown Describe the 
sample space 

3 A coin IS tossed twice If the second throw results in a head, a die is thrown, otherwise a coin 
15 tossed What is the sample space 7 

4 A bag contains 4 red balls What is the sample space if the experiment consists of choosing 

(a) 1 ball 7 (b) 2 balls? (c) 3 balls 7 (d) 4 balls 7 

5 A bag contains 4 red balls and 3 black balls. What is the sample space if the experiment 
consists of drawing from the bag 

(a) 1 ball 7 (b) 2 balls 7 

A bag contains 4 identical red balls and 3 identical black balls The experiment consists of 
drawingoneball, thenputting it into thebagand again drawingaball, Wliat are the possible 
outcomes of the experiment 7 

7 A com IS tossed Ifit results in ahead, a die is thrown If the die shows up an even number, 
the die is again thrown What is the sample space of the experiment 7 

11.4 Events 

The elements of the sample space associated with a random experiment are called the 
elementary events of that experiment Some authors use the term simple event or 
indecomposable event Thus, the experiment of tossing a com has two elementary events 
which may be denoted by H and 7 Similarly, the six elementary events of the experiment of 
throwing a die may be denoted by 1,2, 3,4, 5 and 6 I 

However, the notion of an event is more general When we thi ow a die and ask the question , 
Is 2 the number shown 7, the answer would be Yes or No. Similarly, every question asking if 
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Hie die has come up with one of the numbers from 1 to 6 (i e a number which is an 
elementary event of the experiment) Iras Yes or No as the answer, There are many other 
questions which have Yes or No as the answer, for example, the question is the number 
shown an even number, is it less than 5, is it greater than 2, and so on 

We say that any question of this type defines an event on the sample space of the 
experiment In the experiment which consists of tossing two coins the questions do both 
coins show heads, do both coins show the same result, is the number of heads same as the 
number of tails, etc, all have Yes or No as an answer, and each one of these questions 
defines an event on the sample space of the experiment of tossing two coins If the answer to 
the question is Yes, we say that the event defined by the question has occurred, if the ansvrer 
is No, we say that the event has not occurred 

Ill the experiment of throwing a die consider the event defined by the question' Is the 
number shown an even number If the throw of the die result in 2, we will say that the 
event has occurred, but if the die shows the number 5, we will say that the event has not 
occurred. Out of the six possible outcomes of the experiment, three (the numbers 2, 4, 6) 
indicate that the event has occurred, while the othei three (the numbers 1,3,5) indicate that 
the event has not occurred Thus instead of defining the event through a question, we may 
as well describe it by the statement “ The number shown at the throw of the die is an even 
number”, and denote it by the subset {2, 4, 6} of the sample space with the rule that if the 
result of the experiment belongs to this subset then the event is said to have occurred And, 
if the result of the experiment does not belong to this subset, i,e belongs to the 
subset (1, 3, 5}, we say that the event has not occurred 

Similarly, in the case of the experiment of tossing two coins, we may talk of the event, 
“both coins show the same result” which would be represented by the subset {(H, H), {T, T)) 
of the sample space {(//, ff), {H, 7), (T, H), {T, 7^} For the same experiment the event, “the 
number of heads is the same as the number of tails” will be represented by the subset 

{H, n (T. H)} 

In general, given the sample space S of a random experiment, evety event associated 
with the experiment can be represented by a subset of S. Conversely, every subset E of S 
represents an event associated with the random experiment The event represented by the 
subset £ of S is said to have occurred if the outcome (o of the experiment is such that co e E 
If the outcome m is such that to g /?, we say that the event represented by the subset E has 
not occurred We may thus talk of the event E instead of the event represented by the subset 
E and use the same symbol E for the event as well as the subset of the sample space 
representing the event. 

Suppose the throw of a die results in the number 4 Then, on the basis of this outcome a 
number of events can be said to have occurred. For example, we can say that the following 
events have occurred 

(i) The number is even, represented by the subset {2, 4, 6}, 

(ii) The number is more than 2, represented by the subset {3, 4, 5, 6}, and 
(ill) The number is less than 5, represented by the subset {1, 2, 3, 4} 
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On the basis of the same outcome, wa can also say that a niiinber of events have not 
occurred For example, the following events have not oceuned 

(i) The number is odd, repsesented by the subset {1, 3, 5), 

(li) The number !s less than 3, represented by the subset {1, 2), and 
(iii) The number is more than 5, represented by the subset {6}, 

The set S is itself a subset of S and hence can be thought of as representing an event 
associated with the experiment which has S as its sample space. Since eveiy outcome of the 
experiment belongs to S, vje will conclude that the event represented by S has occurred 
whatever be the outcome of the experiment In other words, the event represented by S 
always occurs when the experiment is carried out For this reason the event represented ty S 
IS called the sure event 

In the same manner the dUipty set tj), which is also a subset of S can be taken to 
represent an event However, since no outcome of the experiment can belong to (j), the event 
represented by ^ is such that it cannot occur at all when the experiment is performed, The 
event represented by <ft is, therefore, called the impossible event. 

Bveiy other subset of S which is different from ^ and S represents an event which may 
or may not occur when the experiment is carried out 

mple 113 

sample space of Example 11.1, the event “both selected children are boys” is represented 
set B^Bjj and the event “the selected group consists of one boy and one 

s represented by the set 

B^G^, B,G^, B,G^}. 


•jle 11 4 

ample space of Example 11 2, the event “the throw of the coin resulted m head” is 
ted by the set 

{Hr^, Hr^, Hr^, Hb^, Hb^, Hb^] 

event “the throw of a die resulted in an even number” is represented by the set 
4, T6}. 


EXERCISE n.2 

i the sample space of Example 11,2, what are the sets representing the events 
i A red ball is drawn ? 

I The throw of the coin resulted in tail ? 

+he sample space of Example 11 1, what is the set representing the event' “at least one ^rl 
elected” 1 - i 
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3. A com and a die are tossed Describe the following events. 

(i) jI = getting a head and an even number 

(ii) -J3 = getting a prime number 

(iiijC = getting a tail and an odd number 
(iv)D = getting a head or a tail 

4 A coin IS tossed Ifit results in a head a coin is tossed, otherwise a die is thrown. Describe 
the following events" 

(1) A = getting at least one hehd 
'. (ii) S = getting an even number 
(ui)C“ getting a tail 
(iv)D = getting a tail and an odd number 

11.5 Algebra of Events 

Given some events associated with a random experiment, we can define new events in 
terms of them We will now discuss some standard methods of doing so. 

Consider two events “the number is even” and “the number is more than 3” 
associated with the random experiment of throwing a die The sets E and F 
representing these events are E = {2, 4, 6} and F = {4, 5, 6}. We now define a new 
event “E or F ” which occurs when E or F or both occur. What is the subset which 
represents this new event 7 It is clear that the numbers 2, 4, 6 belong to this subset 
and so also the numbers 4, 5, 6. At the same time no other outcome, i e 1 or 3, can 
belong to this subset Thus, the event “E or F" will be represented by the subset 
E u F = {2, 4, 5, 6} 

We can also define a new event “E and F ” which occurs only when E and F both 
occur If tlie outcome is 2, the event E occurs but F does not Hence, it is clear that 
the event “E and F ” can occur only when the outcome belongs to E and F botli. Tlius, 
the event “E and F ” will be represented the set E F — {4, 6}. 

Thus, with any two events represented by the subsets E and F of a sample space S 
we can associate two new events defined by the conditions “either F or F or both 
occur” and “botli E and F occur”. These events will be called the events “F or F” and 
“F and P ” and will be represented by the subsets E u F and E n F respectively. 

In the example considered above* the events “the number is even” and “the number is 
more than 3” were such that on the basis pf some outcomes both could have occurred For 
example, if the outcome were 6 (or 4) we would say that both the events have occurred, 
However, the events “the number is less than 3” and “the number is more than 5” are such 
that both of them cannot be said to have occurred together whatever be the outcome of the 
experiment For, the first event occurs when the outcome is 1 or 2, and the second occurs 
when the outcome is 6, Such events, where the occurrence of one precludes the occurience of 
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the other, are called mutually exclusive events. It is clear that if two events associated with 
the same expermient are mutually exclusive the subsets of the sample space representing the 
two events are disjoint Conversely, if the subsets arc disjoint they represent mutually 
exclusive events. 

Consider next, the events ‘‘the number is even” and “the number is odd” associated with 
the random experiment of throiviiig a die The two events are obviously mutually exclusive 
but we can say something more Here at least one of the events has to occur In other 
words, if the first event does not occur the second must occur, and the non-occuirence of the 
second means the first event must have occurred Given an event E. the event which occurs 
when, and only when, E does not occur is called the event “not-^ ” If the event E is 
represented by the subset E of the sample space S, the event “not-£' ” will be represented by 
the subset consisting of all the elements of S which do not belong to E. That is to say, the event 
“not-A "will be represented by E^ the complement fm S) of the set E For this reason tlie event 
“not-i?’'is also called the complementaiy event ofii' Some authors also call it the negation of £ 

The events E and not-i’ are such that only one of them can occur, and at least one of 
them must occur Such a situation can arise even when we have mors than two events. For 
example, let the experiment be that of drawing a card from a pack of fiftty-two playing cards 
The 52 cards of the pack are divided info four types of cards, each type consisting of 13 
cards These four types are given the names' spades heans, diamonds and clubs Spades 
and clubs cards are black in colour while the other two types aie red Associated with this 
experiment we may, therefor? define the following four events' “card drawn is spades”, 
“card drawn is hearts”, “card drawn is diamonds”, and “card drawn is clubs” Now, one of 
these events must occur since the caid drawn is necessarily one of the four types At the 
same tune, if any one of these events occurs the others cannot occur We call such a 
collection of events as forming a mutually exclusive and exhaustive system of events If E^, 

, E^. are the subsets of a sample space S representing a system of mutually exclusive and 
exhaustive system of events, then we have 

(i) £, n E~ for 1 ;, and 

(ii) £, u £’2 u u = S 

In set theory we also have the relation “A is a subset of B” which we write as A c: 3 
Now, suppose A and B are subsets of a sample space S and we have A cz B The subsets A 
and B represent two events associated with the random experiment with sample space S 
The event A will be said to have occurred when the outcome co of the expermient is such that 
CD 6 /I But m that case we also have ca e £ as /I c B and B will also be said to have 
occurred So, events A and B are such that if we know that the event A has occuiied ive can 
also say that the event B has occurred In the language of probability theory we say that 
“event B is implied by the event A” This statement is just a standard way of saying that if 
the event/I occurs then event B must also occur 

We have seen tliat the events and the relationships among them are best described by 
using the language of set theory We give below the equivalent forms of probability statements 
and the corresponding statements in the notation of set theory 
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Probability theory 

Set notation 

Sample space 

S 

Outcome of the random experiment 


Event A 

d cS 

Event A has occurred 

( 1 ) e yl 

Event A has not occuri ed 


Event “A or B'" 

A u B 

Event “yj and IF 

A nB 

Event “not-yl” 


Event A implies event B 

A cB 

Events yl and B are mutually exclusive 

A nB = <l> 

Events /i,, , are mutually exclusive 

r\Aj =0 for iitj 

and exhaustive 

and tj”'_ 1 /I, = S 


Example 115 

If events E and F are represented by tlie subsets E and F of the sample space S of a random 
experiment, the events 
O') only E occurs, 

(n) only F occurs. 

(ill) none of them occurs, 

(iv) at least one of them occurs 
are represented by the sets 

E J''", E"-' r\F,E’'r\F‘ and E u E' 

respectively Note that events (in) and (iv) are complementai-y events which is also seen 
from the fact that {E ^F)‘~ E‘ n F^ 


EXERCKSE 11.3 

1 Two dice aie thrown. The eventsyl, C, A are as follows 
A = getting an even number on the first die 
B = getting an odd number on the first die. 

C = getting the sum of the numbers on the dice < 5 

D = getting the sum of the numbers on the dice greater than 5 but less than 10 
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E = getting the sum of the numbers on the dice ^ 10. 

F = getting an odd number on one of the dice 
Describe the following events. 

(i) A‘ (n) (iii)£'‘' (iv)ylorfl 

(v) A juid B (vi) B ot C (vii) B and C 
(viii) A and E (ix) A ot F (x) A and F 

State True or False' 

(i), A and B are mutually exclusive 
(ip A and B are mutually exclusive and exhaustive events 
(in) A = B° 

(i^ A and C are mutually exclusive 
^ C and D are mutually exclusive 
(^^ C and D are mutually exclusive and exhaustive 

(VT^) z>= = r 

^yrti) C, D, E are mutually exclusive and exhaustive events 
^ijtJ A'^ and are mutually exclusive and exhaustive 
(x) A, B,Fm mutually exclusive and exhaustive events 
Three coins are tossed 

(i) Describe two events A and B which are mutually exclusive 

(li) Describe three events B and C which are mutually exclusive and exhaustive, 

(iii) Describe two events A and B which are not mutually exclusive. 

(iv) Describe thiee events A,B, C which are not niulnally exclusive. 

(v) Describe two events which are imitually exclusive but not exhaustive. 

(vi) Describe three events, j4, B and C which are mutually exclusive, but not exhausti've 

3. If E^, , are a set of mutually exclusive and exhaustive set of events, prove that 

the non-occurrence of E^, E^ or E^ means that at least one of the remaining events 
E^, Ej .must have occurred 

(Hint i?, u u Ej and u Ej w , kjE^ are complementary events,) 

11.6 Probability of an Event 

Suppose we have a bag IpU of small balls wliich are siimlar in sliape and size but some are 
black m colour and the other are red If the bails are thoroughly mixed and then one ball is 
drawn it will be either black or red. If you were asked to guess whether the ball drawn is red 
or black then, in the absence of any additional infoanaiton, you would say that the ball 
draivn is as likely to be red as black. But if you were told that there are 100 balls in the bag 
of which only one is red then you would say that the ball diaivn is most likely to be black 
and that it is hardly possible that it would be red. If in fact the ball drawn happens to be red you 


S' 

(b) 
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would be surprised at something unexpected hapjiemng If, on the other hand, the bag ware 
to consist of 30 red and 70 black tolls you would not be suipnsed to see a red ball turning up 
at the draw though you would still feel that the ball drawn is more likely to be black 

In the same way, if we have two events E and F associated with a random sxpenmant, 
we can talk of the event E being more or less likely to happen than the eveil F when the 
experiment is earned out We say that the event which is more likely to occur has a higher 
probability than an event which is less likely to occur For example, in the expermient of 
drawing a card from a pack of 52 playing cards, the event “the card drawn is black" can be 
said to have a higher probability than the event “the card drawn is an Ace” 

To every event associated with a random experiment we try to attach a numerical value 
called Its probability in such a manner that for any two events the event which is more likely 
to happen has a higher value for the probability. Since every event is more likely to happen 
than the impossible event, and less likely to happen than the sure event, the impossible event 
should liave the smallest probability and the sure event should have the largest probability 
By convention, the numerical value of the probability of the impossible event is talcen as zero 
and of the sure event as 1, the probabilities of all other events having Values between 0 and 
1 We shall denote the probability of the event E by the sjmibol P {E) 

Suppose a random experiment has n outcomes so that the sample space S has n elements 
Let E be the subset at S representing an event and let us use the symbol E to denote the event 
also Suppose the set E consists of m elementary events. Then, one way to attach a 

probability to every event is to define P (E) as P (E) =-^ ■ 

If P (E) IS defined as above, we see inunediately that P (^) = 0, P (S) = 1, and 0 ^ 1 

Thus, this method of defining the probability of an event satisfies the requirement mentioned 
earlier that the value o f the probability of any event should lie between 0 and 1 with r hs 
i mpossible event ha ving probability 0 and t he sure event having piobabilitv 1. If the number 
of elementary events in a set is more tliarTthat in a set E, we will have P (F) > P (E) 
Thus, our defimhoh also assigns a higher probability to an event which we consider more 
likely to happen For example, if a box contains 30 red and 70 black balls, we have 

30 

P (ball drawn is red) =- 

100 

70 

and P (ball drawn is black) -- 

100 

which agrees with our feeling that the ball drawn is more likely to be black than red. 

By the above definition each elementary event has the same probability—. Thus, if we 

n 

(ise the iitxive method for defining the probabilities of events we are implicitly assuming that 
we regard all the elementarj' events as equally likely to occur when the experiment is 
IMiforraed 

The above definition of probability of an event is usually expressed in slightly difierent 
Sunguage. We call those elementary events which belong to the subset E of the sample space 
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representing an event as javourahh to occurrence of the given event We may then say that 
an event occurs if and only if, the outcome of the random expei intent is one of the elementary 
events favourable to the occurrence of the event In view of this, the earlier definition of the 
probability P (E) of an event E can be vsTitten as 


PiE) = 


No of elementary events favourable to E 
Total No of equally likely elementary events 


We emphasise that this definition of P (E) is the same as that given earlier, only the 
language used is different 

11.7 Theorems on Probability 
Theorem U I 


If E and F are two mutually exclusive events of a random experiment, the probability of 
occurrence of the event "E or h ” is the sum of the probabilities of the events jF and F or, 

PiEotF) = P(E) + P{F) 
if the events E and F are mutually exclusive 


ProoJ 

Let r, s be the number of elenientaiy events respectively in the sets E and F representing the 
mutually exclusive events E and F, Let n be the total number of elementary events in the 
sample space S of which E and F are subsets. Since, E and F are mutually exclusive events, 
the sets E and F representing them are disjoint so that the number of elementary events in 
the set F u F is r + j' Hence, 

r + s 

P (F or F)= P(E<uF) = - 

n 

= — + —=F(£’) + P(F) 
n n 

The above theorem is usually called the addition theorem or addition rule for probabilities 
of mutually exclusive events In the language of subsets of the sample space S, the theorem 
IS usually written as follows 

“If F nF= if, then F(F uF) = F (F) + F (F)” 

Corollary 

If F|, F^, , , Fjj are mutually exclusive events, then 
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Because of this we say Theorem 11 2 is a more general form of Theorem 11 I, or that, 
Theorem 11 1 is a special case of Theorem 11 2 

Theorem II i 

For every event li associated with a random experiment we have 

P {mt-E )=]-P{E) 

Proof 

Events E and “iiot-h'” are iiuitually exclusive Hence 

P [E or iiot-£ ) = £(£) + /* (not-£ ) 

But one of the two events E and "not-Zi” must occur so that the event “£ or not-^ ” is the 
sure event with probability equal to I We have, theiefore, 

P (/i ) + P (not-£ ) = 1 
1 e , P (iiot-£ ) = [ - P(E) 

which proves the theorem 

Theorem /1 4 

If the event E implies the event F. then 

P(E)<P{F) 

Proof ^ 

If the subsets representing these two events are also denoted by E and £, we have £ c /' 
From the Venn diagram below (Fig 11 3) we see that 

number of elements in E 5 number of elements in F 



Dividing both sides by the number of elements m the sample space S, we get 


r[E)<P(F) 
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which proves the theorem 
Example 11 6 

A die IS thrown twice What is the probability that at least one of the two numbers is 4 
Solution 

There are 36 possible outcomes which we may assume to be equally likely The number of 
outcomes favourable to the occurrence of the event is 11 Thus, probability of the 
11 

event is — 

36 

Example II 7 

In Example 11 6, let E denote the event “the first die shows 4” and F the event “the second 
die shows 4” Then /i n E is the event “both dice show 4” Hence, 

• /’ (at least one 4) = /’ {E o [<') 

= r (E ) + /'(/')- IXE o E") 

_ 1 1 111 

6 6 36 36 

The same result as derived directly in Example 11 6 

EXERCISE 11.4 

1 What 15 the probability that a number selected from the numbers 1,2, , 25 is a 

prune number 7 You may assume that each of the 25 numbers is equally likely to be 
selected 

2 One card is drawn from a pack of 52 cards, each of the 52 cards being equally likely to 
be drawn Find the probability of 

(a) the card drawn is red 

(b) the card drawn is a king 

(c) the card drawn is led and a king 

(d) the card drawn is. either red or a king 

3 A bag contains 5 red balls, 3 black balls and 4 white balls A ball is drawn out of the 
bag at random What is the probability that the ball drawn is 

(i) white 7 
(lO red 7 
(ill) black 7 
(IV) red or black 7 
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(V) red or white '' 

(vi) red or wliite or black ’’ 

(vii) yellow 

4 A bag contains 100 identical tokens on which numbers 1 to 100 aie marked A token is 
diawn randomly What is the probability that the number on the token is 

( 1 ) an even number ” 

UO an odd number ’’ 
till) a multiple of 3 *> 
liv) a nuiltipte of 5 
tv) d multiple of 3 and 3 '' 

(vi) a imiltiple of 3 or 5 
(VIi) less then 20 
(vni) grcatei than 70 

5 A com and a die aie thrown What is the probability of getting 

111 ahead’’ 

(u) an even luimbei ’’ 

(ml a head and an even luintbei 
(w) a head oi an even number 
(V) a tail and an odd inimber " 

(vi) a tail 01 an odd numbei ’’ 

(] Say Time or False giving reasons 
1 2 

( 1 ) /’ ( i )~ —, /' (ii )= — .1 and /{ are mutually exclusive and exhaustive 

3 3 

(ii) /’ (. 1 ) = 0 4, 1’ {li ] = Q 25, /' O'l or /i ) = 0 65 1 and !i aie mutually exclusive 

events 

( 111 ) /’ ( I ) = 0 J, 1‘ {Ii ) = 0 45, /’ (/I and /J ) = 0 2 ,1 and fi are nut iiiutLially 

exclusive events 

(iv) l‘ (.4 ) = 0 35, /’ t,/i) - 0 65 '1 and H are complementary events 


1 l.ti Use of PerimUatiuns and Combinations in Calculation of Probabilities 

To calculate the probability of an event, we have to count the total numbei of elementary 
events in the sample space and the number of elementary events favoiiiable to the event In 
simple cases the counting is easily done However, m many cases direct counting is not easy 
In such cases the use of pei mutations and combinations, which too are essentially based on 
counting operations, makes tlie calculation of piobabilities easier We illustrate the usefulness 
of this method by some examples 
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Hxampk' 11 rV 

The random experiment consists of drawlni'four cards fiom.a pack of Sl-playrng cards 
Each {ffoiip of 4 cards is an clementaiy event of tins experiment, and tlie numbei of elementary 
events, which can all be considered to be equally likely, is equal to the numbers of sets of 4 
cards that can be formed out of the 52 cards m the pack Thus, the number of elementary 
events of the sample space of this experiment is given by f (52, 4) 

Consider now the event associated with this experiment which is "the 4 cards have the 
same value", that is, all foiii are aces, or kings, or queens, and so on Then there are 13 
elementary events which are favourable to the occurrence of this event Hence, the probability 
of this event is 


r(52, 4) 


13 X 1 V 2 > 3 V 4 

^X51 X 50x40 " ^ ’ 


Consider next the event that "all 4 cards are of tlie same colour", that is. either all are 
red’or all areblii^f Tnere are 2(7red cards from which 4 can be selected in (.' (26. 4) ways 
Similarly, out of 26 black cards also 4 cards can be selected in (' (2^, 4) ways Thus, out of 
all groups of caids we will have C (26, 4) groups having only lod cards and C (26, 41 groups 
having only black cards Theiefoie, (ha number of elementary events favoiiiable to the 
occiinence of this event is given by 

2 " 26 « 25 ‘ 24 K 23 
(' (26, 4) + r (26, 4) =- , , -—- 


Hence, (he probability of this event is given by 


2 ^ 26 ^ 25 24 X 23 

52 XI 51 X 50 X 49 


= 011 (approx ) 


Hxmnple II y 

The landom experiment consists of first selecting three mimbers out of tlie numbers 1, 2. 3, 4 
and 5 and then writing down all possible ariangemeiUs of these numbers For example, if 
numbers I, 2 and 5 are selected, we will get 6 arrangements (1, 2, 5), (2, 1, 5), (1,5, 2), 
(5, I, 2), (2, 5, I) and (5, 2, 1), Tliiee numbers out of the given five can be selected in 
f’ (5, 3) ways, and each set of 3 mimbers gives rise to 3l = 6 arrangements Thus, the total 
number of outcomes is 

(■’(5, 3) X 31 =P(5, 3) = 60 

Each of the (' (5, 3) sets of 3 luimbeis gives use to only one arrangement m which the 
luiinbeis are in the natural order For example, if the 3 selected mimbers are 2, I and 4 they 
will lesiilt in 31 = 6 arrangements out of which only one arrangement I. 2. 4 will have the 
tillec numbers in natural order Hence, for the event''the arranged mimbers are in natural 
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order” the nuinber of favourable cases is C (5, 3) so that, the probability of this event is 


C(5,3) 

/'(5,3) 


1 1 

= — = 0 17 (approx ) 


You will have noted that in these examples the knowledge of permutations and 
combinations lias made the calculation of the number of favourable cases and the number of 
equally likely cases quite easy 


EXERCISE 11,5 

1 A class consists of 10 boys and 8 girls A committee of 3 students is constituted What 
IS the probability that the committee has 

(i) all boys ’’ 

( 11 ) all girls T 

(ill) 1 boy and 2 girls ’’ 

(iv) at least one girl 
(V) atmost one girl 

2 An urn contains 4 black balls, 3 white balls and 5 red balls Two balls are drawn at 
random What is the probability that the balls are 

(i) red 

(ii) black 
(ill) white ’’ 

(iv) 1 black and 1 white 

(v) 1 white and 1 red 

(vi) not red '' 

(vii) not white 

3 Two cards are drawn together from a pack of 52 cards at random. What is the probability 
that 

(i) both are spades 

(ii) one IS a spade and one is a heart 
(ill) both are kings 

(iv) exactly one is a king ? 

4 Three light bulbs are selected at random from 20 bulbs of which 5 are defective What 
is the probability that 

(i) none of the bulbs is defective 

(ii) exactly one is defective 
(ill) at least one is defective 
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5 Two cards aie drawn at landoin from 8 cards numbered from 1 to 8 What is the 
probability that the sum of the numbers is odd, if the two cards are drawn together 

11.9 General Definition of a Random Experiment 

The concept of a landom experiment was introduced in Sec 11 2, and a definition of 
probabilities of events associated with a random experiment was given in Sec 116 according 

1 

to which each elementary event of the sample space had piobability— , n being the total 
number of elementary events in the sample space 

Instead of defining the probability of a general event li by 


r (£ ) = 


no of elementary events favourable to li 
total no of elementary events m the sample space 


1 

we could as well have begun by defining the probability of each elementary event as — 

n 

Then, ifF. is the general event represented by the set {co,, , co^} of elementary events, we 

k 

have by the addition rule of probability F (/<’) = — since the elementary events are mutually 

11 

exclusive (See corollary to Theorem 111) 

Thus, the assignment of probabilities to events by means of the definition of Sec 11 6 is 
really based on the assumption that the elementary events are equally likely to occur and 
have, therefore, equal probabilities 

In the case of some random experiments, the assumption that the elementary events are 
equally likely to occur can be accepted When a coin is tossed we have no reason to doubt 
that heads and tails are equally likely outcomes so that the probability of occurrence of either 

1 

of them could be taken to be — This assumption is an expression of our belief that the 

2 

com IS not a “crooked” or a "biased”, com Our knov/Iedge of physics would tell us that if 
the com is not of uniform density but has a higlrer density towards one of the faces, then the 
two faces cannot be consideied to be equally likely to appear at the throw of the com In 
fact, the com is almost sure to show one face only (which one '^) almost all the time In such 
a case it would not be proper to regard the two elementaiy events as equally likely 

There are other situations where too the assumption that the elementary events are 
equally likely leads to difficulties and is not acceptable. For example, imagine an experiment 
which is carried out m two stages 

First stage toss a com 

Second stage . if the com shows head toss it again but if it shows tail then toss a 
die 
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We will assume for our discussion that the elenwntary events of the experiment of 
tossing a com are equally likely, and that the same holda for tire six outcomes of tossing a che 
If the first stage results in a head, the second stag^ will have a head or a tail as the 
outcome If, on tl\e other hand, the first stage outcome is a tail, the second stage-outcomes 
will be any of the numbers 1, 2, 3, 4, 5 and 6 Thus, there are eight possible outcomes of 
this experiment, and the sample space can be dcscnbetfl^ the set 

{{H, H \ {H, T), (T, 1). (7'. 2). (7, 3), (T, 4), (7, 5), (7, 6)} 

Consider the event represented by the set ((7/, If ), (H, T )) If the first stage results in 
head, then, and only then, we will observe the occurrence of this event So, this set can be 
taken to represent the event “first stage results in a head" Similarly, other events associated 
with the first or the second stage only, can also be represented by subsets of the sample 
space For example, the set ((f/, T )[ represents the event "second stage results in a tail”, 
the set {(7, 2), (7', 4), (7', 6)} represents the event “second stage results in an even number”, 
and so on 

In this random experiment we cannot consider tire eiglit elementary events as equally 
likely If we do, then the probability of the event represented by the subset {(//, II), {II. T 
2 1 

would be equal to —,=■ — But this subset can also be taken to represent the event that 

llie thiowof the coin at tlie first stage results in head and. therefore, its piobability should be 
1 

equal to— Similarly, the subset 

{(7, n, (7', 2), (7, 3), (7, 4), (T, 5), (7. 6)} 


6 3 

represents an event with probability —=—if we regard the eight outcomes of the expcri- 

S 4 

ment as equally likely At the same time, it can be taken to represent the event that the 
throw of the com at the first stage results m tail and should, tlicrefore, have probability equal 


1 

to- 

T 

We have seen that the eiglit outcomes of our experiment cannot be considered equally 
likely since that assumption leads to difficulties How do we attach probabilities to the 
events associated witli this experiment ’’ We will begin with the elemeiitaiy events and see 
what should be the probabilities attachcefto them 

From our disussion above it seems reasonable to assume that 

and 2 1 

P ({(7; 1 ), (7; 2), (7; 3). (/■, 4), {T, 5), (7; 6)j) = — 

If the probabilities satisfy the addition rule we have j '' 

7‘(K/7, fD\) + P{{(li.r)))=— 

If the fust throw of the com results in head, the com is thrown again and the two outcomes 
H and T aie, according to the assumption made m the beginning, equally likely Therefore, 
we must have 
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1 

P(((y/, /n}) = /’(((/^'/ )n=— 

4 

Similarly, as wc liave stated earlier, it is reasonable to assume 

1 

/' (1(7. 1 ). 0\ 2), a\ 3), 4), a\ 5), (7, 6)}) = - , 

since it IS the probability of the event that the first stage results in a tail If the first throve of 
the coin results in a tail, the six outcomes of throwing a die are equally likely So, we should 
have 

l\\CI\ n})=-/'(l(7'.2)n = 7'({(7',3)})-/*(((7',4)}) 

= /*(((7'. 5))) = 7’(U7’, 6)}) 

1 

which means that each of these probabilities is equal to —- 

So. in tlie random experiment described above we see that the probabilities of the 
elementary events, which could not be coirsidered-to be equally likely, cannot be^aken-as 
equal A more reasonable way is to take the probabilities of the elementary events 

!(//, //)!, i(//, y-)}, 1(7, Ill, 1(7, 2)1. }(7, 3)}. ((■/', 4)}. {(7, 5)}. {('/', 6)} 

1 1 1 1 1 1 1 1 

Thus, we see that merely describing the sample space (the set of outcomes') is really not 
enough to describe a random expciiment If the elementary events can be considered equally 
likely, the sample space S describes the random experiment completely, in the sense that 
knowing S one can calculate the probabilities of all events associated wilh the random 
experiment But if the elementary events cannot be considered to be equally likely, then the 
set S does not completely describe the random experiment, because the probabilities of the 
events associated with the experiment cannot be calculated by the knowledge of S alone 

How does one then defi.ne the probability of events in those cases where the elementary 
events of the random experiment cannot be considered equally likely The way out is to 

A 

select positive numbers (that is, number > /j,, , such that = 1, and to assign 

these numbers 111 a one-to-one manner to the n elementary events of the sample space of the 
random expenment We call these numbers the probabilities of occurrence of the elementary 
events The values selected for /i,, , p^^ reflect our midcrstandtiig of the expenment, a 

higlier value being given to the probability assigned to an elementary event winch we consider 

more likely to occur In the example discussed above the positive numbers were —, —,-, 

111]] 4 4 12 

-. -. -, -,-. whose sum, we see. is equal to uni tv The actual values of the 

12 12 12 12 12 
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probability assigned to any particular elementary event was obtained by analysing the nature 
of the experiment If we have reason to believe that the n elementary events forming the 

1 

sample space are equally likely, we will talce p=/), = ~P „~— ' so Iho equally 

n 

likely case is also covered by the general procedure 

Consider now an event E associated with the sample space of the experiment m which 
the n elementary events forming the sample space have been assigned probabilities 
/’i’ Pi' ' /’ll' event E is represented by a subset of the sample space and we define 
the probability of occurrence of E as the sum of the values assigned to the 
elementary events belonging to the subset representing the event In our example, the event 

"the throw of the die at the second stage results in an even number” is presented by the 

1111 

subset {('/', 2), 4), (7', 6)} and would, thus, have probability equal to 

Similarly, the event “head at first throw, tail at second throw” is represented by the single 

1 

point set {(/f, T )} and will have probability equal to- 

4 

In geneial, suppose S = {w,, tOj, , } is the sample space of the random experiment 

and probabilities p,, p^, . , are assigned to the elementary events to,, to,, , , 

respectively Then, the probability P {E ) of any event represented by the subset £■ of S can 
be defined as 

p. 

e £ 

With this definition, we have /' (jl) = 0, /’ (S ) = 1 and for all other events E the probability 
lies between 0 and 1. Not only that, all the theorems proved m Sec 11 7 still hold if P {E ) 
IS defined in the mannei given here starting with the values p^, p^, , p^ With this genera] 

definition we will have 

( 1 ) P{EorF) =/’(/' ) + P (£')-/'(£■ and£’) 

= /’(£') + /'(£’) for mutually exclusive events, 

(ii) P (not-/? ) = \ -P{E), 

( 111 ) P(E)iP{F)ifE implies F 
1 

If we take each p, =—, then we get our earlier definition, namely 
;; 


PiE) = 


No, of favourable elementary events 
Total no. of elementary events 


We are now in a position to give the mathematical defuution of random experiment 
The definition is as follows 



pR()[iAnn.n Y 


573 


Defuntion 

A random experiment is defined by the set S = {tOj, co^, , } of its outcomes, to each 

outcome u, of which is associated a positive number/),, called the probability of co,, such that 
p + p + p - \ The probability I‘ {E ) of any event associated with the random 

experiment is the sum of the probabilities of the elementary events contained in the subset of 
S representing the event 


EXERCISE 11.6 

1 A ball IS drawn from an urn containing one red ball and one black ball, If the ball 
drawn is red a com is tossed, if it is black a die is thrown What is the probability of 

(i) each elementary event 
( 11 ) getting a head 

(ill) getting an even number 

2 A ball IS drawn from an urn containing 2 led balls and 3 white balls If the ball is red, 
a card from a pack of playing cards is selected and if the ball is white, two coins are 
tossed together, What is the probability of 

(0 each elementary event 

(ii) getting a spade '' 

(ill) getting a spade or a heart 

(iv) getting two heads 

(v) getting exactly one tail 

B Conditional Prodahu.ity and Independence 

11.10 Conditional Probability 

We shall first discuss the concept of conditional probability in the context of those random 
experiments only m which the outcomes can be considered as equally likely to occur when 
the experiment is performed Consider, for example, the random experiment of drawing a 
ball from a box containing 20 red, 30 black, and 50 white balls The balls differ only in 
their colour and are otherwise identical in all respects We can, therefore, legard the elementary 
events of the experiment as being equally likely. 20 

The probability of the event “the ball drawn is red” is equal to = 0 2 Now, suppose 

we are told, after the ball has been drawn, that it is not white (that is, it is either red or 
black) Should we, in view of this additional information, revise the probability of the ball 
drawn being red, or leave the value of the probability unchanged ? If we had been told that 
the ball drawn was neither black nor white we would be certain that it was red In this case, 
we would agree that the probability of the event “the ball drawn is red” should, m view of the 
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additional information available, be taken as 1. Or, suppose the box has 20 red, 1 black and 
79 wlnte balls The probability of drawing a red ball from tins box is the same as before, i e 
0 2 However, if we are told in this case that the ball drawn is not white, we would give a 
very high probability to tlie ball being red, since we now know that the ball dravm is one of 
the 21 red or black balls out of which 20 are red. We thus see that if we are told, after the 
experiment has been performed, that a particular event has occurred, then we are led to 
revise the value of the probabilities of the other events in the liglit of the additional information 
available 

Let ns go back to the example of the box with 20 red, 30 black, and 50 white balls A 
ball is drawn and we are told that it is not white With this information we are suie that the 
ball IS either red or black. So, the probability of the bail being red may now be taken as 
equal to the probability of drawing a red ball from a box containing 20 red and 30 black 
balls In other words, the additional information really amounts to telling us that the siluation 
may be considered as being that of a new raiidcmi experiment for which the sample space 
consists tif all tho.se outcomes only which are fiivovirable to the occurrence of Uie event “the 
ball drawm is not white” In this new random experiment the probability of diawiog_a-ted 
ball is given by 


No of red balls 20 

- =—=04 

No of red balls + No, of black balls 50 

Thus, the information that the ball drawn is not white has changed the probability of the ball 
being red from 0 2 to 0 4 We call this changed probability the conditional probahility of 
drawing a red ball given that the ball drawn is not white It is called conditional because it 
has been obtained under the condition that the experiment had resulted in the event “the ball 
drawn is not white” 

Thus, 111 general we can talk of the Conditional probability of the occurrence of an event 
II, given that an event F is knowii to have occurfed. We shall denote this conditional 
probability by P UHF ) where R and F afe events associated with the same sample space To 
calculate the value of P {KIF ), we take the elementary events favourable to tlie occurrence of 
F as out new sample space, and then find out how many elementary events out of these are 
favourable to the occurrence of R We have then 

No of elementary events favourable to F 

wliich are also favourable to E 

P {FJF) - --—-------- 

No, of elementary events favourable to F 

For example, suppose the experiment is of drawing a card from a pack of playing cards, 
and the events /' and E are respectively “the card drawn is red” and “the card drawn is an 
ace”. Then there are 2(5 elementary events favourable to F Out of the 26 elementaiy events 
favourable to /', tliere are 2 which are favourable to E The subset consisting of these two 
elementary events represents the event “ii and/'’” Thus, we may write the conditional 
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probability P iliP' ) as 


P {E/F) 


No of elementary events favouiable to 
the occurrence of the event '‘/i’ and F" 

No of elementary events favouiabls to 
Hie occurrence of the event P' 


Dividing the numeratoi and denonunator by the total number of elementary events of the 
experiment, we see that P (E/P ') can also be written as 

P (E and P') 

P (EIF 1 = -—— 

P (P‘ '1 

We use this form for tlie Ftijuvium of conditional proljabliity 


Diiftinlum 

Given two events E and F associated with the saiiiple space of the same random expeument, 
the conditional probability P (E/F ) of the occurence of E knowing that event has occurred 
is given by 


}' (E and P ') 


P(E/F) = - 


P{F) 


PiE r\f) 
P{}^ 


Note tliat we are assuming that P {P ) 0; if P (P') = 0, the expi ession-makes 

no sense. PiP) 

We arrived at ilns definition after a discussion in which the elementafy events of the 
experiment were consideicd to be equally likely and the corresponding definition of the 
probability of an event was used However, the same definition of conditional probability 
can also be used in the general case where the elementary events aie not equally likely, the 
probabilities P (E and F ) and P (F) being calculated accoidmg to the general method. 


Example: 11 ]0 

Con.sider the experiment desuibed in Sec 11 9 with the sample space 

PPE //). If/, 7), [T, 1), (T, 2X a\ 3), (T, 4), (T, 5), (T, 6)} 

1111 1 1 

The piobabilities assigned to these 8 elementary events were —, — ,—, -,-,-, 

4 4 12 12 12 12 


1 I 

-, —, respectively L.et F be the event tliat the first Uirow of the coin results in a tail, and 

12 12 

E tne event that the die shows a i-umues greater than 4 Then 


1 1 1 

p (/ ) = p ({17’, 5). (-/; 0))) " ■* 7 
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Hence, 


P{F)=P ({(r. 1), (T, 2}, (T, 3), (T, 4), (T, 5), (T, 6)}) = ^ 

1 

P (£ and F) = P ({(r, 5), (7, 6)}) = — - 

6 


P(EIF) = 


PiEr^F) 

PiF) 


1 

1 

2 


1 

3 


Example 11 II 

A die IS thrown twice and the sum of the numbers appearing is observed to be 6 What is the 
conditional probability that the number 4 has appeared at least once ? 


Eoliilton 

If E IS the event “number 4 appears at least once” and F the event “the sum of the 
numbers appearing is 6”, then we have, assuming the 36 outcomes to be equally likely, 


11 5 

P{E')= —and/’(F1=—, 

36 36 

since the elementary events favourable to the occurrence of E are (4, 1), (4, 2), (4, 3), (4, 4), 
(4, 5), (4, 6), (1, 4), (2, 4), (3, 4), (5, 4), (6, 4) and those favourable to the occurrence of F 
are (1, 5), (2, 4), (3, 3), (4, 2), (5, 1) Also, the elementary events favourable to the 
occurrence of both E and F are (2, 4) and (4, 2) so that we have 

2 

F(£andF) = F(FoF)= — 

36 


Hence, the probability we are required to find is 


PiEIF) = 


PiEnF) 
P{F) ' 


2 

5 


EXERCISE 11.7 

1 A com is tossed twice and the four possible outcomes are assumed to be equally likely 
If E IS the event “both head and tail have occurred”, and F the event “at most one tail 
has occurred”, find P {E ), P (F), P (E/F ) and P (^F/E ) 

2 A bag contains 3 red and 4 black balls and another bag has 4 red and 2 black balls 
One bag is selected, each of the two bags being equally likely to be selected From the 
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selected bag a ball is drawn, each ball in the bag being equally likely to be drawn Let 
E be the event “the first bag is selected”, F the event “the second bag is selected” and 
G the event “the ball drawn is red” Find P (E ), P (F), P {G/E), P {GIF ) 

11.11 Independent Events 

Consider the experiment of drawing a card from a pack of 52 playing cards, in which the 
elementary events can be supposed to be equally likely If E and F denote the events “the 
card drawn is a spade” and “the card drawn is an ace” respectively, then 

No of spade cards 13 1 


and 


P (F) = 


No of aces 4 

52 52 


1 

13 


Also, “E and F’ is the event “the card drawn is the ace of spades”, so that 

1 

P(£and/7’) = ~ 

Hence, in this case 


P{E/F) = 


P{Er\F) 

P{F) 


1 

1 

13 


^ = P{E\ 


so that P {E) and P {E/F ) are equal This shows that the information that the event F has 
occurred has not changed the probability of occurrence of the event E Not only that, we also 
have 


P(FIE) = 


P(Er^F) 

P{E) 


1 

1 

4 


= — = P{F), 
13 ^ 


so that the information that E has occurred does not change the probability of occurrence of 
the event F 
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Two L'veritb' which are such that the information that one of them has occuircd does not 
cnaiige the probability of occiiiieucc of tlie other are called indepenJufU events The exact 
defuiuion is as follows 

Dejmition 

Two events E and E defined on the sample space S of a random experiment are said to be 
mdepmdam if 


E{Em<iF) = P{E)- P{.F) 

This definition can he used even for events associated with a random experiment in 
which the eleiiieiUary events are not equally likely Tlie effect of independence of the events 
E and E pn the conditional probabilities P [EIF) and P {FtE) i? given by the iheOiem below. 

Theuyum J1 5 

If the events E and F defined on the sample space S of a random experiment are independent, 
then 


and 


PiEIE )^P(E) 
PU‘'/E)^P{F) 


Pmoj 

Since E and /•‘'are independent events, we have 


Hence, 


Similarly, 


P (E znd F) = P (E) ■ P(F) 


PiE/F) = 


PiEr^F) 

P(F) 

P(E) P{F) 


P (F) 


=pun. 


P (FIE ) = 


P (E o F ) 
P(E) 


P(E) P(F) 


= PiF) 


’ the theorem 


P(E) 
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When E and b' aie independent events the probability P {k and F) \s the product of the 
probabilities P (F ) and P (F ') In the geiicial case, wheie K and F may or may not be 
independent, we have 


P(/t and 7^’'! = /■'(/n P{F/F) 

^P(F^ P(Ii/F) 

This expression, sometimes called the niultiplication rule of probabilities, is simply a re¬ 
statement of the definition of P (E/F ) and P (FIE ) 

It should be noted that the notion of independent events is nothing more than a statement 
about the probability P (E and F ) being the pioduct of the probabilities P (E ) and P (F ) 
We should not read anything more than this in the words ‘‘independent events” A physical 
description of the events cannot tell us if they are independent or not Only when the 
probabilities P (E and l>' ), P (E ) and ]' (/<’) have been calculated can we say anything about 
their independence'^ 

Example 1112 

A die IS tin own and the 6 possible outcomes are assumed to be equally likely If E is the 
event “the number appearing is a multiple of 3”, and F the event “the number appearing is 
even”, we have 

1 

P{E) = P{{Z, 6})= Y 

1 

PiF)=-P({2,A,(y\)= — 

2 

1 

P (h F') = P (\b}) = — = P [E ) P(F) 

6 

Hence, events E and Aaie independent 
Example 11 J3 

In the sample space of Section 11 9, let E be the event “the second throw of the com results 
111 head or the throw of die results in 3”, and F the event “the throw of die results m an odd 
number” Then 


1 I 1 

P (E ) = /•■ ({(//, H ), (7', 3)}) — 

4 12 3 

p (/■■)=(«•/', 1). (7-, 3), (7' 5)0 =-i^+II ^ nr- T 
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1 

P{En.F) = P ({(7; y)\)=— = PiE)-PiF) 
Thus, events E and F are independent 


EXERCISE 11.8 

1 One card is drawn from a pack of 52 cards so that each card is equally likely to be 
selected In which of the following cases are the events E and F independent 

(a) E “the card drawn is a spade” 

F “the card drawn is an ace” 

(b) E “tlie card drawn is black” 

F “the card drawn is a king” 

(c) E “the card drawn is a king or queen” 

F “the card drawn is a queen or jack” 

2 A coin IS tossed thrice and all eight outcomes are assumed equally likely In which of 
the following cases are the events E and F independent ? 

(a) E “the first throw results in heacf’ 

F “the last throw results in tail” 

(b) E “the number of heads is two” 

F “the last throw results in head” 

fc) E ‘Ihe number of heads is odd” 

F “the number of tails is odd” 

11.12 Independent Experiments 

Consider two random experiments one consists in tossing a coin and has two equally likely 
outcomes, the other m throwing a die with six equally likely outcomes The sample space of 
the first experiment may be described by the set {H, T), and that of the second by the set 
{1, 2, 3, 4, 5, 6} We may regard the two experiments together as forming a new random 
experiment with a sample space of 12 equally likely outcomes described by the set 

{(//, 1), (/7, 2), , (77, 6). (T, 1). (T, 2), ,(7,6)} 

The event E “the coin shows head” is represented by the subset {77 } in the sample 

space of the first experiment and has probability— The event E can also be considered as 

2 

an event associated witli the combined experiment and is then represented by the subset 


{(77, 1). (77, 2). (77, 3), (77, 4). (77. 5). (77, 6)} 
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and has probability equal 


1 

to — in the combined experiment also 


Similarly, the event F “the number on the die is divisible by 3” is represented by the 
subset {3, 6} in the sample space of the second experiment, and by the subset 
{(ff, 3), (H, 6), (T, 3), (7. 6)} in the sample space of the combined expenment And in both 


eases it has probability— 


From these two events E and F we can also define the event “E and F ’m the sample 
space of the combined experiment It is represented by the subset {{H, 3), (//, 6)} and 
2 1 

therefore, has probability-= — Thus, we find that for the events E and F as defined 

12 6 

above we have 


F{E aadF) = P(E) P(F) 

Thus, the events E and F may be called independent A similar result will hold for any two 
events if one of them is defined in terms of the first expenment, and the other m terms of the 
second experiment only For example, if E is the event “the coin shows head”, and F the 
event' “the number on the die is less than 4”, then we have 

1 3 1 

and 

P(EaadF)=P ({(ff, I), (H, 2), (//, 3)}) 

= —= -=P(£)..p^), 

But if the events E and F are not defined in terms of the first and second events alone, 
such a result may not hold For example, let E be the event “the coin shows head and the 
die shows a number more than 4”, and F the event' “the coin shows head and the die shows 
an even number” Then 

p(E)=p ({(//. 5 ). (//, m =4-=^ 

12 6 

3 1 

P(F) = P ({(//, 2), (//. 4), (f/, 6>}) =-= — 

12 4 


1 

P(£andF) = P({(//, 6)}) = — ^P(£) P(F). 


and 
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Thus in our example, if the event “f and /■'” is inteipieted as "E occuis in the first and 
F in the second expei iiiienftlien we have 

r{E^ndl‘^ = F{E) P{F) ' 

so tliat we can say that events E and F aie independent Since tins happens for all pairs of 
events E and F, where K is associated with the first and /’ witli the second experiment, we say tliat 
tlie two expeniiients aie independent The exact definition of independent expsnments is as follows 

Di Jiintion 

Two raiidoiii experiments are said to be independent if, for eveiy pair of events E and !<' where E 
IS associated with the first and F with the second experiment, the probability of the simultaneous 
occurrence of the events F, and f. when the two experiments are performed, is the pioduct of tlie 
probabilities P (li ) and P (/■’) calculated sepaiately on tlie basis ol tlie tuo experiments 

Consider next a combined experiment which is as follows A and P denote two families 
with .1 having 3 children of which 1 is a boy and 2 aie girls, and B having 2 children of 
which 1 is a boy and other a girl We fust select a family and assume that each is equally 
likely to be selected Then fiom the selected family v;e select a child, again assuming tliat 
every child of the family is equally likely to be selected 

The sample space of the combined experiment may be taken as the set 

Here we have used g,, g, to indicate the two girls belonging to family /I, and g', to indicate 
the girl belonging to family li Similarly, b^ and ft, have been used to denote boys belonging 
to families .i and B lespectively The eleiiientaiy events m this case aie, however, not 
equally likely The subset {- l/i,, .Ig,, .'tg,| lepiesents the events that family A is selected at 

1 

first, and should therefore, have probability equal to — Smnlaily, the subset {Bh^, /ig'J 

1 ^ 

should also have probability — Once fainilv/l is selected each of the three children has the 

2 

same chance of being selected So we slioiila have 

1 

/’ (MM) = P(Mg,}) = /> (Mi',}) = — 

Similarly, 

P({Bh,\) = P{{B}r^])= — 

4 

Hence, the combined experiment is defined by the sample space 


with the elementary events having respectively the probabilities — , —, —,_-,_ Let 

b 6 6 4 4 

now E be the event “family • I is selected at first”, and F the event “the selected child is a 
girl” We may say that/i'IS defined in terms of the first expel iment and/" iti terms of the 
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second We have 

1 

p(y.o = /*f 

[ I I 7 
/'(/''» = F11 i};,, - 1 .?^ ) = -— + —+—= —, 

' - o 6 4 12 

1 1 1 

F (Ji and F ) = F( .1^',}) = “T + ^ T 

6 0 3 

SO that 

F (/i and F F (/■') F (/<’) 

Kcncc, in tins case we cannot say tiiat the two experiments of selecting a family and then 
selecting a child are independent experiments 

If we examine the two examples closely we notice an important difference In tlie first 
example the sample space of the second experiment is the same lor all outcomes of the first 
experiment it is i 1, 2, 3, 4,6l irrespective of vvlicthei the first experiment results in head 
01 tail The nature of the two experiments is such that we can state without any hesitation 
that the occuiience of an event in the first experiment does not in any way affect the 
occurrence of any event in the second expeiiment In other words we could say that the 
probability of occurrence of any event in the second cxperinient is the same no matter what 
the outcome of the fiist experiment It is due to this that we get the result 

F (h in first and /'" in seconcll 

= F ill in first) ■ F (/<’ in second) 

for all events li, l< with h belonging to the first and /'’ to the second expeiiment 

But the situation is different m the second example in which, if the first experiment 
results 111 the selection of family .1, the sample space of the second expeiiment is 
{boy, girl, girl}; but, if family B is selected in the first experiment the sample space of the 
second experiment is {boy, girl} Since the sample space of the second experiment depends 
Oil the outcome of the fust experiment, we cannot asseit tliat the outcome of the first experiment 
will have no effect on the probabilities of occmrence of different events in the second 

1 

expi'ineiit In fact the piobability of selecting a boy in the second experiment is— if the 

1 3 

fust L .peiiment results m the selection of family A, but it becomes equal to — if family B is 

2 

selected in the first experiiiient 

It should be noted that when vve aic dealing with two events E and F associated with the 
same experiment the description of the events is not sufficient to enable us to decide if E and 
b are independent events or not The decision about the independence of the two events can 
only be made after the probabilities P {E ), F (F ), and F{E and F ) have been calculated 
But the situation is different when we aie dealing with two experiments We can in many 
cases conclude that the experiments are independent or not tfom the physical description of the 
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«]cpennients without having to do any probability calculations. What is more, if we can oy 
«n the basis of the description of the experiments that they aie independent, i.e the occunetice 
of an event in one experunent has no effect on the probability of occurrenca of an event in 
the second experiment, then we can use this knowledge to calculate the probabilities 

P {E in first expenment and F in second experiment) 
as the products of the probabilities 

P {E in first experiment) and P {F in second expenment) 

In general, suppose two random experiments with sample spaces and are independenl 
experiments, Let the elementary events of Sj be x,, . , x^ with probabilities 

Pp Pj, . , respectively and let the elementary events of be y^, , vrith 

probabilities ^p Then the combined expenment has mn elementally events 

= K = .H 

with probabilities p^ q^ 

Now suppose £ IS an event associated with the first experiment represented by the sibset 
{x,p Xjj, , } of and F an event associated with the second expenment represented 

by the subset O^p of Sj Then the event “£ and F’ ” associated with the 

combined experiment is represented by the subset 

^■*^ 11 ’ ■^| 1 ^’ ^•* 12 ’ Pfl)’ ' > (-* 11 ’ yp )' 

of rs elementary events of the combined expenment According to the general definition of i 
random Experiment, we have 

P(£)-p,, + p,^+ 

and 

i 

PiE and +f’a<7j,+ 

Pa%i+Pa%2-^ •■^Pa%.+ 

P.r%'^P.r%^- -^P,r% 

= (P,I+£,2+ ■ +%s) 

= P{E)-P{F) 
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which canfirms thal two fandom expertmenls afe indeed mdependent 


Example tt t4 

One bail >9 drawn fiom a contanung 3 red and 2 black bdls Its colour ts noted and then 
It IS put hafV in the bag. A second draw is made and the same procedure is repeated At 

3 2 

each draw the probability of drawing a red ball is — and of drawing a black ball is — , 

assuming that each ball has the same chance of being drawn The two experiments are 
independent as the result of the first draw has nb effect on the result of the second draw 
Hence, 

3 3 9 


P (2 red balls are <hawn) ~ 


P (the balls drawn are trf different colour) = — 

5 


^ ^ 
y 5 


12 

25 


/^(both balls drawn are black) =- 


2 _ 4 

5 T“ "y ’ 

Example 11 15 

A bag has 4 red and 5 black balls, a second bag has 3 red and 7 black balls One ball is 
drawn from the first and two from the second The possible outcomes at each draw are 
assumed to be equally likely At the first draw, we have 

4 5 

P (red) = —, P (black) = — 


At the second draw there are C (10, 2) possible outcomes of which C (3, 2) have both balls 
red, C (3, 1) ■ C (7, 1) have one ball red and one black, and C (7, 2) have both balls black. 
Hence, for the second draw, we have 

C(3,2) 1 

P (red, red) = --= — 

r( 10 , 2 ) 15 


P (red, black) = 


r(3. 1) r(7.1) 
C(10,2) " 15 


P (black, black) = ’ 


eg 2) 

C (10, 2) 


7 

15 
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We can consider the two draws as foi 11111115 two independent events 

4 

P (red at first draw, red and black at second draw) = — 


Hence, we get 
7 28 

15 " 135 


F (black at first diaw, two leds at second draw) 



1 

27 


Consider now the event “two blacks and a red” tn the combined experiment, This event 
occurs when the following iniitiially exclusive events occur “red at fust draw, two blacks at 
second diaw”, “black at first draw, led and black at seconcl draw" Hence, 


Similarly, 


4 7 5 7 

F (two blacks and a red) - — • — ^-— 

9 l[5 9 15 

15 

4 7 5 1 

F (two teds and a black) ^ — • — + — — 

9 15 9 15 

II 

” 45 


EXERCISE 11.9 


1 In Example 1115 find F (all three balls are led), F (all three balls aie black) 

2 A com IS tossed three tunes and all possible outcomes are considered equally likely 
Regarding this as a combined experiment with tossing a com twice as first and tossing a 
com once as the second experiment, the two experiments being independent, calculate 
the following probabilities 

(a) F (two heads and a tail) 

(b) F (three heads) 

Compare these probabilities with those obtained directly by considering the throwing of 
a com three times as a single expei iiiient S 

11.13 The Law of ToLul Probability and Bayes' Fomiula 

Let S be the sample space and let /f,, //,, be 
two mutually exclusive and exhaustive events 
(Fig 11 4) Let R be another event that occur 
tvith or 

Now5 = //, u f/, 

5 o £’ = (//| u' //j) n £■ = (//| o A ) u ((/, n R) 



Fig. 11 4 
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W, n 1l and //, n E are mutually exclusive 
Hence, /' (/r ) = P(Sr^li) = P [(If, o /i’) u (//, n /T)] 


= /^ (//, r^li) + PHEi^E) 

= P(//,) P(mf^) + Pi!I,) P(E/IQ 


This IS a particular case of the law of total probability Tins result can be extended and 
we have the law of total probability 

Law of Total Probability 

If //,, //,, , //^ are mutually exclusive and 

exhaustive events (Fig 11 5) and E is any event 
that occurs with ff or //,, , then 

P {E ) = P (f/|) P (EHf) + P OE) P {HHE) + 

P(HJP{EIII,^) 

We know that 


Is 



P(H^r^E) = P{fl,) PiE/lf) 

Interchanging f/, and E, we have 
P (/i n f/, ) = P IE ) P (If/E ) 

But !I^n,E = E r\ 

Therefore, 

P (E ) ■ P (f/, IE) = PlH^) P {E /f/,) 
PIH,)P{EIH^) 

11 / r r / X _ * ^ 


P (//,) ■ P {E/If) 

~ P (/•/,) P {E/H^) + P HE) P {E/lf) 
This result is a particular case of Bayes' Formula which can be extended 


Hayes' Formula 

If /f,. If, , are mutually exclusive and exhaustive events and E is any event that 
occurs with 11,, IE, P then 

i 2 n 


P{IIJh) = 


_ /*(//) P{E/H) 

P HE) P {E/If) + P (If) P (E /Hf) + 


+ PHf)P{E/If) 


Note You may see that in the EHS of the Bayes’ foimula you have If /E and in the RIIS, 
you have E /If for i = 1 to n 
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Example II 16 

In a boll factoiy, machines. A, Sand C manufacture respectively 23%, 33% and 40% of th 
(Dial bolts. Of iheir output 3, 4, and 2 per ceiU are respectively defective bohs A bob u 
drawn at random from the piodua 

(i) If the bolt drawn is found to be defective, what is the probability that it is manufactured 
by the machine B ? 

(ii) What IS the probability that the bob drawn is defective ? 

SolulHut 

(i) Let the events //,, and be the following. 

the bolt IS manufectured by machine A 
the bolt IS manufrictured by machine B 
11^ the bolt IS manufactured by machine C 
Clearly //,, //j, are mutually exclusive and exhaustive 
Let the event E be 

E: the bolt is defective 

The event E occurs with with and with //, 

Now/' (//,) = Probability that the bolt drawn is manufactured machine A 
= 25% = 0 25 


Similarly, 


P(//j) = 0.35 and P (//j) = 0.40 


Again 

P {EIH^ = Probability that the bolt drawn is defective given the condition that it is 
manufactured by machine A 

= 5% = 0.05 


Similarly, 


P {E / //j) = 0 04 and P (E / H^) = 0.02 

We are required to find P / E), ic given the condition that the bolt drawn is defective, 
what IS the probability that it was manufactured by machine B 
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We have the B^es" fonnuta 


P{H^IE) = 


_ PiH^)PiEIH^) _ 

P (//,) PiE/ //,) + P ill,) P{E/H^) + P (//,) ■/*(£/ H,) 


Substituting in tlie above expression 


0 35 x004 00140 28 

P (II ! = --- -= — 

- 0 25 X 0 05 + 0 35 *0.04 + 0.40 x 0 02 0.0345 69 

(n) Probability that the boll drawn is defective = P(E) 

= P (//,) ■ P + P<H^) ■ P (£’///,) + P (//j) ■ P 
= 0 25 X 0 05 + 0 35 X 0 04 + 0 40 X 0 02 
= 0 0345 


EXERCISE 11.Ill 

I A bag Abontaiiis 2 white and 3 red balls and a bag Y contains 4 white and 5 red balls 

One ball is drawn at random from one of the bags and is found to be red Find the 
probability that it was drawn from bag Y 

2. Tliree urns contain 6 red, 4 black, 4 red, 6 black, and 5 red and 5 black balls respectively. 

One of the urn is selected at random and a ball is drawn from it If the ball drawn is 
red, find tlie probability that it is drawn from the first urn 

3 The contents of Urns I, II, III are as follows 
Urn 1 1 white, 2 black and 3 red balls 

Urn 11 ' 2 white, 1 black and 1 red balls 

Urn III 4 white, 5 black and 3 red balls 

One urn is chosen at random and two balls are drawn They happen to be white and 
red What is the probability that they come from Urns 1,11, III 7 

^ A factory has two machines A and B Past records show, that the machine A produced 
60% of the Items of output and machine B produced 40% of the items. Further 2% of 
thte items produced by machine A were defective and 1% produced by machine B were 
defective If a defective item is drawn at random, what is the' probability that it was 
produced by the machine A 

5. A company has two plants to manufacture scooters Plant I manufactures 70% of 
scooters and Plant II manufactures 30% At Plant 1, 80% of the scooters are rated as of 
standard quality and at Plant II, 90% of the scooters are rated as of standard quality. 
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A scooter is chosen at random and is found to be of standaid quality What is the 
probability that it has come from Plant II 

6 An Insurance Company insured 2000 scooter drivers, 4000 car drivers and 6000 truck 
drivers The probability of an accidetit involving a scootei, car and a truck is 0 01, 0 03 
and 0 15 respectively One of the insured persons meets with an accident What is the 
piobability that he is a scooter diiver 

C Ranikim Vaiuaiili's 

U.14 Random Vnriables 

A random variable is often described as a variable whose values are detenmned by chance 
We shall now try to make this idea precise 

The woid "Variable” indicates that we are concerned with something which cannot be 
given a fixed value but can assume different values under different situations The expiession 
“determined by chance” means that the values of the variables are determined by the outcomes 
of a random experiment, that is the value taken by the variable is known only when the 
outcome of a random experiment is known The following example will make the idea 
clearer 

Suppose we have 10 families /',, /<'„ , having 3, 4, 3, 2, 5, 4, 3, 6, 4, 5 members 

respectively Let our random experiment consist in selecting one family out of the ten in 
such a manner that each family is equally likely to be selected Then, the probability that a 

particular family has been selected is the same foi all families and is equal 

Let us select a family and then count the mmiber of members in tlie family, denoting the 
number by X If is the family selected we will have A' - 3, if l'\ is selected A' = 4, and so 
on We say that A" can talce any of the values 2, 3, 4, 5 and 6, the value actually taken being 
known only after the selected family is known Thus, A' is a vanahhi because it has different 
possible values, it is a random variable because the value it actually takes is known only aftei 
the random experiment of selecting a family has been carried out and its outcomes observed 
If you recall the geneial definition of a funclion you will realise that the random variable 
-Y is, really speaking, a function whose domain is the set of outcomes (Aj, A,, . , Aj,,} of a 
random expenuient with 


A’ (A,) = 3, A' (A,) = 4, X (A,) = 3, X (A,) = 2, W (A,) = 5, 
X (A„) = 4, X tA,) = 3, X (A„) - 6. X (A.,) = 4, X (A,„) = 5 


We may also say that the co-domaw of the function A' is the set of natural numbers, or the 
set of integers, or even the set of real numbers, and that its range is the set {2, 3, 4, 5, 6} 
Consider another random experiment which consists in tossing 3 coins The sample 
ce of the eight possible outcomes of this experiment may be described by the set 
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S = {// // r-J, II If 'l\ II 7 //, H T 7, 

TH H/r II T/f'TILT T'r] 

Having perfonued the expciinient let us count the number of heads obs"ived and denote 
this number by \' Then we have A = 0 if the outcome of the expei imeiit is 777', .V = 1 if the 
outcome is HIT, TIIT oi TTH, and so on The possible values of A' are 0, 1 , 2 and 3 We 
see that A' is a random vaiiable whose values are detei mined by the results of the random 
experiment of tossing thiee coins We can also regard A' as a function with domain S, 
and range {0, 1, 2. 3] The values of A'for different outcomes of the experiment arc given 

X (11IJII) = 3. X (IIII T) = 2, A' (II TII ) = 2, A' (II 7’ 7 ) - 1 , 

A' (TIIII) = 2, A' (T 77 T ) = 1, A' (7’ 777 ) = 1, A (T T T ) = 0, 

We are now in a position to give the geneial definition of a random variable, which is as 
follows 

Defimtum 

A random vaiiabie is a leal valued function whose domain is the sample space of a random 
experiment 

You will recall that two functions are regaided as being different if either the domains 
or the ranges are diffeicnt, or, if the domains or langes are the same, the values of the two 

functions are different at least at one point of the common domain Since random variables 

are also functions we wall regard two random variables A' and } as different if 

(i) the sample spaces of the associated random experiments are different, or 
( 11 ) the sets of possible values of the two random variables are different, or 
(ill) if the associated sample spaces and sets of possible values are the same, X and Y take 
different values at least at one point of the common sample space 

hxLimple 1117 

A com IS tossed twice A' denotes the number of heads and )' the number of fails The two 
random variables have the ^ame domain {7777, 777, TH, TT) and the same range { 0 , 1 , 2 ) but 
are different since 

A'(77 77 ) = 2,.Y (77 7)= 1,27(777)= 1,A(7'7 ) = 0 
and 

)' (77//) = 0, )'(77 7')= 1, f (7'77)= 1, ) (7’7''i = 2 


Example 11.18 

1 and B play a game in which each throws a die If the number on ,-rs die is even he gets 
Rs 2 fiom 73, if it is odd but gieater than the number on 73’s die /I gets Re 1 from B In ail 
other cases A pays Rs 3 to 73 If A' denotes the amount won by A (a negative value of A' 
indicating a loss), then A' is a random vaiiable with range {-3, 1 , 2} The domain of A' consists 
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of 36 elements of the sample space and A' is the function described by 

X(I, l) = -3,A'(l,2) = -3, ,A'(l,6) = -3 

A' (2, 1) = 2, A' (2, 2) = 2. , A' (2, 6) = 2 

A' (3, 1) = I, A'(3, 2) = I, A' (3, 33 = -3,. . . A' (3, 6) = -3 

A'(4, I) = 2..Y(4.2) = 2, . ,.V(4,6) = 2 

X (5, I) = 1. (5, 2) = 1, A' (5.3) = I, A" (5, 4) = 1. A^ (5, 5) = -3, .V (5, 6) = -3 

.Y(6, 13 = 2. A'(6, 23 = 2. . ..A'(6. 63 = 2 

EXERCISE 11.11 


1. A bag contains 3 red and 4 black balls One ball is drawn and then put back in the bag 
The process is repeated three times Every time the ball drawn happens to be red we 
say that the draw has resulted in a ‘"success” Let .V denote the number of successes 
recorded in 3 draws Show that A' can be considered as a random variable and exhibit it 
as a function on the sample space of the expenment. 

2. If in Exercise I we assume that the ball drawn is not put back in the bag, then what is 
the representation of X as a function on the sample space 

11.15 Pixibability Distribution of a Random Variable 

Let us look again at the example of 10 families F^, F^, , with'3, 4, 3, 2, 5. 4, 3, 6, 4, 

5 members respectively The random variable X in this case could take any of the values 2, 

3. 4, 5 and 6, depiending on which family is selected Out of the 10 families, there is only 
I one family {F^) with 2 children, three families (F,, Fy F,) have three children each, three 

(Fj, Fj, F,) have four children, two (F,, F,^) have five, and only one (Fg) has six children. 

So, A' will get the value 2 only when family F^ is selected Since we had assumed that each 

family is equally likely to be selected, the probability that F is selected is — . We can thus 

1 

also say that the probability that X takes the value 2 is equal to — Again, the random 

10 

variable X will have the value 3 when the selected family is either F, or Fj or F, Thus, we 

can say that the probability that X takes the value 3 is equal to the probability that the family 

selected is F F,, or F„ that is, it is equal to —. Continuing m this maimer we obtain 

10 


,nA-31-A,nA=4,=-i 


2 1 

F[X = 5]=— ,F[.V=6J =- 

10 ^10 
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Such a descnption giving the values of the random vanables along with the conesponding 
probabilities is called the prohahtHty dislnhution af the random variable 

Example II 19 

Let us call A' the random variable winch equals the number of heads obtained when 3 coins 
are tossed There are eiglit possible outcomes of tossing 3 coins and we may consider the 

1 

eight outcomes as equally likely so that every single outcome has probability equal to — 

8 

Obviously, the possible values of A' are 0, I, 2 and 3 X takes the value 0 when the outcome 

IS TIT, the value 1 when the outcome is HTT, THT or Tl'H, and so on So the probability of 
A' taking the value 0 may be taken to be equal to the probability that the outcome of the 
random experiment is TIT Arguing in this manner we get 

1 

PiX=Q) = PUTr) = — 

3 

P (A- = I) = P {IITT, THTOT TTH)= — 

o 

3 

PiX=2) = P (.HHT, HTH or THH) = — 

8 

I 

/•(A'= 3) = P (//////) = — , 

O 

which describes the probability distribution of X 

The probability distribution of a random variable may be defined as follows; 


Definition 


The probability distribution of a random variable A'is the system of numbers 


\PwPv 





i=>\ 


where the real numbers at,, x^, , are the possible values of the random variable X and 

p^ (i= 1,2, . , n ) IS the probability of the random variable .T taking the value . 

The probability distributions of the random variables described in the two examples 
earlier may therefore be written as ^ 


' 2 

3 

4 

5 

6 ' 
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1 

2 

3 

1 

3 

3 

2 

1 

and 1 1 
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10 
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8 
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respectively. 
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It should be noted that the probability distribution of a random vauable can be obtained 
only when tlie random expciiiuent, on which the random variable is defined as a ftinction, is 
known If x is one of the possible values of a random variable A', the statement A' = is true 
only at some points of the sample space of the random experiment The subset consisting of 
these points represents an event li associated with the random experiment We take the 
probability of tins event II to be the probability that the random variable A' lakes the value 
Going througli this process for all the possible values of A' we obtain its probability distribution, 

Example II 20 

Consider the following random experiment A pack of playing cards is taken and from it all 
the cards except Aces, Kings, Queens and Jacks are removed, We are thus left with a pack 
of 16 cards which is shuffled and then one card is diawn Each of the 16 cards can be 
considered to be equally likely to be drawn so that the probability of drawing any given card 

out of the 16 IS equal to ~7 The random variable K is defined as follows ? = 0 if the card 
16 

drawn is the Jack of Clubs or Diamonds, ) = 1 if the card drawn is the Jack of Hearts or 
Spades or a Queen, f = 2 if the card drawn is a King or the Ace of Clubs or Diamonds, and 
f = 3 if the card drawn is the Ace of Hearts or Spades Then the probability that J' takes the 
value 0 IS equal to the probability that the card drawn is the Jack of Clubs or Diamonds 
Therefore, ,, , 



Proceeding in this manner for the othei values of J we find that its probability distribution is 

/ 0 1 2 3 ' 

13 3! 

\ 8 8 8 8 , 

You may have noticed that the piobability distribution of the random variable Y is the 
same as that of the random variable A' defined as the number of heads obtained on tossing 3 
coins We thus see tliat two different random variables can liave the same probability 
distribution 

We could have constructed an example of a random variable having the same probability 
distribution as that of A' in a simpler manner as follows 

% 

Example 1121 

We take eight identical slips of paper, write the number 0 on one of them, the number 1 on 
three of the slips, the number 2 on three of the slips, and the number 3 on one of the slips 
The eight slips of paper are tlien folded together (as one does for a lottery), put in a box and 
thoioughly mixed One slip is then picked up from the box Each one of the eiglU slips is 
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equally likely to be selected Let us take as our random variable Z the number written on the 
selected slip One verifies easily that the probability distribution of Z is the same as that of 
namely, 

' 0 I 2 3 ' 

1 2 _ 2 _ 

^ 8 8 8 8 ^ 

The example of the random variable Z also illustrates the important fact that if we know 
only the probability distribution of a random variable we can also define a random experiment 
and a random variable as a function on its sample space whose probability distribution is the 
same as that of the given one 

It should also be noted that two random variables with different sets of possible values 
cannot have the same probability distribution In the language of functions, if the ranges are 
different the random variables cannot have the same probability distribution, but, if the 
ranges are the same the random variables can have the same probability distribution even 
though their domains may be different 

Can you construct an example of two random variables which are defined as functions 
on the same sample space, have the same set of possible values, but have different probability 
distributions 


EXERCISE 11.12 

1 A class has 15 students whose ages are 14, 17, 15, 14, 21, 19, 20, 16, 18, 17, 20. 17, 16, 
19, and 20 years respectively One students is selected in such a manner that each has 
the same chance of being selected and the age X of the selected student is recorded 
What is the probability distribution of the random variable 

2 In Exercise 1 find the probability that 

(i) the age of the selected student is divisible by 3 

(ii) the age of the selected student is more than 16 

(ill) the selected student is eligible to Vote in the General Election. 

11.16 Binomial Distribution 

Consider a random experiment with sample space S and an event E (a subset of S ) associated 
with It Then the event “not-fi' ” may be denoted by the complement (in S) of the subset 
E Let /*(£)= p, P (£“) = g, so that p, 9 > 0 and p + qr = 1 

If the experiment results in the event E we say a “success”, denoted by S, has occurred 
If on the other hand, the event E does not occur (1 e the complementary event E’^ occurs) we 
say the experiment has resulted in a “failure”, denoted by F. We can then say that the 
probability of a success is equal to p and that of a failure is 1 - p 
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Suppose the experiment is carried out twice under identical conditions so that we can 
regard them as independent experiments If we consider the two experiments as a single 
expenment there are the following four possibilities of the occurrence of E and E‘ 

(i) E occurs in the first, E occuis in the second 

(ii) E occurs in the first, £“■, occurs in the second 
(ill) occurs m the first, E occurs in the second 
(iv) B'' occurs m the first, occurs in the second 

In terms of “success” and ‘failure” the four outcomes of the combined expenment can be 
written as 

SS, SF, FS, FF. 

Since, the two experiments are independent, the probabilities of these four outcomes are 
given by 

P{ES) = P{S) P(S)^p^ 

PiSF) = PiS)-PiF)=pi] 

P{FS) = PiF)-P{S) = qp 
P{FF) = P(F)-P(F)^q'^ 

Note that the sum of these four probabilities 

p'^ + pq + qp+q^ = 1 

Can you see why it is so 

Let us now define a random variable X, on the sample space of the four outcomes given 
above, as the “number of successes” The possible values that the random variable takes are 
0 ,1 and 2 The probability distribution of Jf is given by 

P{X=Q)^P(FF) = q^ 

P(X=l) = P (SF or FS ) = 2pq 
P(X=2)--P(SS)=fP 

If the experiment is earned out three times under identical conditions, then for the 
combined experiment there are eight possible outcomes In terms of success (S) and failure 
(F ) these eight outcomes are given by 

SSS, SSF, SFS, SFF 
FSS, FSF, FFS, FFF. 

Since the experiments are independent, the probabilities of these outcomes are 

P(SSS) = jP, P(SSF)^fq 

P (SFS )=pqp=j^q, P (SFF ) = pq^ 

P (FSS ) = qjp = jf-q, P (FSF ) = qpq = pq^ 

P (FFS) = q^p = pq^^ P(FFF) = q^ 

The sum of these probabilities is 

fp + 3iPq + 3pr/ + q^ = (p + qy = \ 
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Let X now stand for the random variable “number of successes” defined on the sample 
space of this experiment Then 

P{X=Q) = P(FFF) = q^ 

P{X=\') = P (SFF, FSF, FFS ) = 2pq^ 

P (.Y - 2) = ? (SSF, SFS, FSS ) = 

P{X=2) = P(SSS)=p^ 

describes the probability distribution of X Note that ip the two examples considered above 
the probability values in the probability chstribution of X are equal to the different terms of 
the binomial expansions of(q + p Y and (q + p)^ respectively 

The above results can be easily generalised to the case where the experiment is repeated 
n times under identical conditions If the success (occurrence of I? ) and failure (non- 
occurrence of £■) are recorded successively as the experiment is repeated, we will get a result 
of the type 

SFFSSF. FS 

There are 2" such outcomes which constitute the sample space of the combined expenment 
Since the experiments are independent, the probability of the outcome above is 

P R'R-P'P = 

if r IS the number of successes in the outcome As before, we define X to be the random 
variable “number of successes” Then the possible values of A are 0, 1, 2, , ,n 
Let us now try to calculate the probability that X takes the value r We have 

P(X= r) = P (the outcome of the experiment consists of 
r successes and (n — r ) failures ) 

Now each of the 2" outcomes of the combined experiment which has r successes and (« - r) 
failures has probability p '' q"~'' Also, the total number of outcomes with exactly r successes 
IS the same as the number of ways in which r out of n positions can be selected, that is, it is 
equal to C («, r) Thus we have 


P{X=^r)=C(n,r)ff(f~' 

The probability distribution of the random variable is therefore given by 

0 1 2 rn 

cf C{n,\)pcr-^ C(n,2)pV" C(n,r)p'q"-^ pT 

We see that the probabilities of the random variable taking values 0, 1,2, , n are 

given by the terms in the binomial expansion of (q + p Y Because of it we say that the 
probability distribution of the random variable X is the Binomial Distribution or, that X is a 
Binomial Random Variable We may define the Binomial Distribution as follows 
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Ddftnilion 

The Binomial Distribution B (n, p ) is the probability distribution of a random vaiiablj 
which takes values 0, I, 2, . , n With probabilities 2 

C in, €)A", ( («, l)p' q"-\C (n, X (», r )p' ■ . C (n, n )pr q\ 

whenp, q > 0 jadp +q = •, 


Example ! 1.22 

Suppo le a com is tossed 5 times and the random variable X is the number of heads observed 
Regarding the ^jpearance of heads in any toss as a success, we see that the probabililj 

distribution ofX is the Binomial Distribution B ( 5,L 1 so that 


and so on. 


P[A' = 0] = C(5,0) 


?[Jf=l] = C(5,1) 
? pr= 2] = C (5, 2) 


^ r (iT'" 

, 1 " M 2 



1 

32 

5 

32 

« 

10 

32 


6 


Example 11.23 


Consider a group of 10 femilies each having 5 children of which 2 are boys and 3 are girls 
One child is selected from each &mily, each child of the family being equally likely to be 
selected We wish to calculate the probability that among the 10 children so selected then 
are exactly 5 girls We may consider this as the case of 10 independent experiments in eacl 


of which the probability of success (selected child is a girl) is — 

I 5 

IS thus a Binomial random variable with distribution B 10, 
probability is 


3 

7 


The number of successei 
Hence the required 


C(10, 5) 



= 0,2 (approx) 


7, 


1 


EXERCISE 11.13 

I A die is thrown 6 times If “getting an odd number’’ is a “success”, what is ths 
probability of 
(i) 5 successes 7 
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(ii) at least ' successes 
(ill) at moM 5 successes 

A pair uf dice is tlifoun 4 limes If getting a doublet is considered a success, find the 
probability of 2 successes 

There are 5 per cent defective items in a large bulk of items What is the probability 
that a sample of 10 items will include not moie than one defective item 7 

The items produced by a firm are supposed to contain 5% defective items What is fhe 
probability that a sample of 8 items will contain less than 2 defective ienis 2 

Five cards aie dravm successively wrtli replacement from a well-shuffled deck of 52 
cards What is the piobabdity that 
(0 all the five cards are spades 2 
(ii) only 3 cards are spades 2 

(lii) none IS a spade 2 

The piobability that a bulb produced by a factory will fuse after 150 days of use is 0 05 
Find the probability that out of 5 such bulbs 
(.]) none 

( 11 ) not moie than one 

(ill) more than one 

(iv) at least one 

will fuse after 150 days of use 

A bag contains 10 balls each marked with one of the digits 0 to 9. If four balls are 
drawn successively with replacement from the bag, what is the probability that none is 
marked with the digit 0 2 


MISCELLANEOUS EXERCISE ON CHAPTER 11 

(a) Two dice are thrown. Descnbe the sample space of this experiment 

(b) If E IS the event “sum of numbers appearing on the two dice is even”, and F the 
event “at least one die shows the number 2”, descnbe the sets representing the 
events E, F, E or F, only E 

(c) Assuming all thf elementary events to be equally likely, obtain the probabilities of 
the events “at least one of the events E and F occurs”, “none of the events E and F 
occurs”, “only E occurs”, “both E and P’occur” 

E, F and G are three events associated wifli the sample space S of a random experiment 

If E, F and G also denote the subsets of S representing these events, what are -the sets 

representing the events 

(a) Out of the three events at least two events occur 
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(b) Out of the three events only one occurs 

(c) Out of the three events only E occurs 

(d) Out of the three events not more than two occur 

(e) Out of the three events exactly two events occur 

3 Prove that 

P(E^F^G)=P(E) + P(F) + PiG) 

-PiEr,F)-P(Fr^G)-P(Er^G) + P(iEr^Fr^G) 

[Hint, Take £ u F as one event and apply Theorem 112] 

4, A student has five books, one each on History, Geography, Mathematics, Physics ani 
Chemisti 7 The number of pages in the five books are 223, 237, 288, 196 and 211 
respectively, One book out of the five is selected in such a manner that each of the fwi 
books IS equally likely to be selected Find the probability of the following events 

(a) The selected book has more than 150 pages 

(b) The selected book is either a book on Chemistry or a book on Physics 

(c) The selected book has less than 200 pages 

(d) The selected book has less than 200 pages and is either a book on Physics or on 
Chemistry 

5, From a class of 13 boys and 11 girls, a group of 5 students are selected in such i 
manner that every group of 5 students is equally likely to be selected Find the probabilil) 
that there are exactly 3 girls in the selected group 

6 A com IS tossed three times and all possible outcomes are assumed to be equally likelj 
E is the event “both heads and tails have occurred”, and F is the event, “at most oni 
tail has occurred” Show that E and F are independent events 

7 If F c F, prove that P(F-E) = P(F)-P(E) State this result m probabilil) 
language 

[Hint Use the addition rule for mutually exclusive events ] 

8 Events E and F are known to be independent Examine if the following are independenl 

(a) E\ F 

(b) E,F- 

(c) F", F" 

[Hint Use Problem 7 above to (a) and then obtain the others ] 

9 F and F are mutually exclusive and exhaustive events and G is any other event. Prove 
the following 

(a) G = (GoF) u(GoF) - 

(b) F(G) = F(G/F)F(F) + F(G/F]F(F) 

\ 
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10 A bag contains 3 red and 4 black balls, A second bag contains 4 red and 2 black balls 
One bag is selected first, each of the two bags being equally likely to be selected From 
the selected bag one ball is drawn, each of the balls in the bag being equally likely to be 
drawn Find the probability that the ball drawn is red, first directly from the sample 
space and then by using (b) of problem 9 above 

11 Prove that 

PI^E r^Fr>G) = F(E/Fn,G) P{F/G)P{G) 

[Hint Take F r^G 2 s one event and apply the definition of conditional probabilities ] 

12 A card is drawn from a pack of 52 playing cards, each card being equally likely to be 
drawn Let E be the event “card drawn is red”, F the event “card drawn is a king or a 
queen” and G the event “card drawn is a king” Obtain P (i? n F n G ) using the 
result of problem 11 above Verify that you get the same result by calculating 
P (E r^F r^G) directly 

13 A com IS tossed 5 times What is the piobability that head appeals (a) an even number 
of tunes, (b) an odd number of times 2 (You may regaid 0 as an even number ) 

14 Two dice are thrown together and the number appearing on them noted A' denotes the 
sum of the two numbers Assuming that all the 36 outcomes are equally likely, what is 
the probability distribution of X 

15 The probability of student passing an examination IS— and of student B passing 

4 5 

IS — Assuming the two events “A passes”, “B passes”, as independent, find 

the probability of 

(a) both students passing the examination 

(b) only A passing the examination 

(c) only one of them passing the examination 
fd) none of them passing the examination 

16 A bag contains 3 red and 4 black balls One ball is drawn and then replaced m the bag 
and the process is repeated Every time the ball drawn is red we say that the draw has 
resulted m a success Let ,Y be the number of successes in 3 draws Assuming that at 
each draw each ball is equally likely to be selected, find the probability distribution 
ofA' 

17 A pair of dice is thrown 7 times If getting a total of 7 is considered a success, what is 
the probability of 

(i) no success 7 

(ii) 6 successes 7 

( 111 ) at least 6 successes 7 
(iv) at most 6 successes 7 
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18, A bag contains 5 white, 7 red and 8 black balls If four balls are drawn one by one willi 
replacement, what is the probability that 

(i) none is white 
(li) all are white V 
(ill) only 2 are white 

19 A box contains 100 tickets each bearing one of the numbers from 1 to 100 If 5 tickets 
are drawn successively with replacement from the box, find the probability that all the 
tickets bear numbers divisible by 10 

20 An urn contains 25 balls of which 10 balls bear a mark 'X ’ and the remaining 15 beat 
a mark T’ A ball is drawn at random from the urn, its mark noted down and it is 
replaced If 6 balls are drawn in this way, find the probability that 

(i) all will bear X' mark 

(ii) not more than 2 will bear T’ mark 

(in) the number of balls with T mark and ‘f mark will be equal 
(iv) at least one ball will bear ‘f mark 

21 The letters of the word ‘SOCIETY’ are placed at random in a row What is the 
probability that the three vowels come together 7 

22 Three groups of children contain 3 girls and 1 boy, 2 girls and 2 boys, 1 girl and 1 
boys One child is selected at random from each group, Show that the probability that 

the three selected consists of 1 girl and 2 boys is— 

8 

23 A can hit a target 3 times in 6 shots, B 1 times in 6 shots and C 4 times in 4 shots, 
They fix a volley What is the probability that at least 2 shots hit ? 



CHAPTER 12 


Correlation and Regression 


A Siai inticai RtiAMONsitil* iiiiTiwMiN Variables 
12.1 Bivariate Frequency Distributions 

In the chapter on frequency distiibutions (Chapter 17 of the textbook for Class XI) we had 
introduced tlie terms “un/t of ahseyvcitmn" and “ variable oj ahxervalion'\ It was explained 
there that each reairded, or ohxen’ed, value of a variable of observation is associated with a 
particular person, place, object, etc, and that the term unit of observation is used to describe what 
the values of a variable of observation are attached to Thus, when we talk of data concerning 
examination results the units of observation are students, and the vanable of observation is “total 
maiks obtained”, each recorded value of the variable denotes the total marks obtained by a 
particular student who has appeared in that examination Thus distinction between vanable of 
observation and urlits of observation was very useful in describing the form and content of a 
frequency table 

In the different examples of frequency tables, as well as in the discussion about frequency 
tables in Chapter 17 of the textbook for Class XI, we had only one variable of observation in 
each case Howevei, while describing the infomiation provided by the census table we had 
pointed out that to each unit of observation, that is, a person alive at the time of the census, not 
one but tliree vanables were associated which were age, sex. and place of residence So, we can 
liave data in which more than one variable of observation may be associated with each unit of 
observation It must be clearly understood that the same variables are being considered for all 
the units of observation For example, if for some students we are recording the age, and for 
some of them we are recording the height, then we cannot say that we have two vanables 
associated with each unit of obseivation.Such data will have to be studied m two parts In one 
we will only consider the group of students with their ages, and in the other we take the group of 
students with their heights 

Wlien we have more than one vanable of observation for which values are being observed 
for each unit of observation, we say that we have mulltvanale data In tins chapter we shall 
confine ourselves to tlie study of tliose situations wliere there are only two vanables of observahon For 
such cases we will use the tenn hivanale data We caild liave used tlie tenn wvvariale data for tliose 
cases m winch tliene was only one vanable of observation, but the tenn univariate is usually omitted 

As an example of bivanate data let us go back to the census table (Table 17 1 of Class XI 
textbook), taking into consideration only two variables, age and sex The raw data would consist 
of a record of the age and sex of each person and would look somewhat like the following 

(34,^/),(ll,JW),(6l.n. 
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For each individual we show the recorded value of the variables as an ordered pair The raw 
data presented in the form above states that one individual was a male aged 34 years, another 
was a male aged 11 years, the next was a female aged 61 years, and so on 

In general, if the two variables are denoted by A' and 1', with possiblevaluesjfj, , and 
jj,, , y,, respectively, the raw data would be represented by ordeied pairs like (j;,, _v,), (j-^, 

(jC|, V-), 3nd so on, there being one ordeied pair of values of the variables for each unit of 
observation There are mn possible ordeied pairs of values (Jf,, .V ), though not every one of 
these mil pairs may be observed in any particular situation 

The bivariate law data is usually presented in the form of a table called "'Ihe hivanate 
fracjiiency table" The word bivanala indicates that we have tw> vaiiables of obseivation, 
the words '"frequency table" indicate that we shall be using a form of piesentation of data 
similar to that used in frequency table in Chaptei 17 of Class XI textbook, which would be 
more accurately described as univariate frequency tables Just as a Canivariate) fieqiiency 
table had also been given the name "frequency Ji.slnhution", in the same way we can use the 
words “ bivariate frequency distribution” in place of “bivariate frequency table” As in the 
univariate case the use of the woid distribution indicates the piocess of what is being done, 
and the use of the word table refers to what the result of following that process looks like 
As example of a bivariate frequency table let us take a look at the census table 
(Table 17 1 of Class XI textbook), taking into consideration only the age and sex variable 
With these two variables the table will look somewhat as follows 


TABLE 12 1 


Itre-glVIip 

Male 

Female 

Total 

All ages 

47,016,421 

41,324,723 

88,341,144 

0-9 

13,724 165 

12,381,238 

26,105,403 

10- 14 

6,061,626 

4,798,307 

10,859,993 

15 - 19 

3,978,135 

3,206,413 

7,184,548 


70 + 

1,145,516 

953,493 

2,099,009 

;e not stated 

3,723 

3,538 

7,261 


Let us now recall what was said earlier in Chapter 17 of Class XI textbook about the 
method of constructing a frequency table from raw data, We use the values of the variable of 
observation to define a number of classes and then count the number of units of observation 
for which the value of the variable fall in a given class, the number of units so obtained is 
the frequency of that class 

If we examine closely the table above we will notice that something similar is happening 
here The only difference is that our classes aie now being defined by the values of two 
vaiiables instead of one Thus, one class is defined by the values 0 - 9 of the age variable 
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and the value '‘male” of the sax variable The frequency of this class is 13,724,165 meaning 
thereby that there were 13,724,165 persons (units of observation) who were males and had 
ages from 0 to 9 years Similarly, there were 3,206.413 persons who were females and had 
ages from 15 to 19 years We see that the values of both the variables are being used to 
define the classes of the frequency table 

In the above table the rows correspond to classes defined by the values of one of the 
variables (the age variable), and the columns give the classes defined by the values of the 
other variable (the sex vai table) This is the usual form in which a bivariate frequency table 
IS presented The form of presentation can sometnnes be different but the classes will alwayx 
be defined by using the values of both the variables 

The first row (‘‘All ages”) gives the totals of the frequencies m the columns of the table 
In most bivariate fiequency tables these totals are written in the last row The last column 
(‘Total”) gives the totals of the frequencies in the rows of the table By examining these t\yo 
totals we find that there were 88,341,144 persons (units of observation) m all, of whicli 
47,016,421 were males and 41,324,723 were females Similarly, there were m all 7,184,548 
units of obseiwation whose ages were between 15 and 19 years and out of them 3,978,135 
were males, and 3,206,413 weie females The raw data when put in the form of a bivariate 
frequency table not only exhibits the information m a compact form but also highlights the 
important points Foi example, a few simple calculations show that whereas the males 
constitute 55 4% (47, 016,421 - 88,341,144) of the whole population, they form only 52 6% 
(13,724,165 - 26,105,403) of the 0 to 9 age-group The percentage of males increases to 
54 6 in the 70+ age-group In the same way, we find that 29 2% (13,724,165 t 47,016,421) 
of all the males are in the age-group 0 to 9, and 30% (12,381,238 - 41,324,723) of all the 
females are m the 0 to 9 age-gioup When we come to the 10 to 14 age-group we find that 
12 9% of all the males, and only 11 6% of all the females aie m this age-group 

In the bivariate frequency table considered by us, one of the variables (the age variable) 
was a cpianlilattve variable, and the other variable (the sex-variable) was a ciualilativa variable 
We can also have bivariate fiequeiicy tables m which both variables are qualitative, or both 
aie quantitative variables 

Hxainplii 12 I 

The following is an example of a bivariate frequency table in which both variables are qualitative 

TABLE 12 2 


WORKERS AND NON-WORKERS (1981) SEX-WISE - RURAL INDIA (NO IN MILLIONS) 


Sm 

Main fVoikun 

Miiij’inal lloiken 

Son-wutkai 1 

7 otal 

Male 

134 1 

5 4 

1173 

2,56 8 

Female 

40 4 

18 1 

186 6 

245 1. 

TOTAL 

174 .5 

23 5 

303 9 

501,9 


Souice ('vnviK o/ Indui^ 198 1, Papei 3, Piovisioiial I^opulatioii Tables 

(Taken fiom Table 3 3, Rnial Dqveliipmcnl Slalisltts, NIRD, Hydeiabad,1985, p 38) 
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One of the variables in this table is the sex variable with values ‘hnale” and “female” 
The other variable may be called “Work status with three values main workers , marginal 
workers”, and “non-workeis” Using the values of these two variables we have six classes 
with class frequencies (in millions) equal to 134 1, 5 4, 117 3, 40 4, 18 1 and 186 6 The 
total number of units of obsei-vation (i e, persons living m rural areas) is 501 9 million of 
which 51 2% are males and 48 8% aie females Among the males 45 7% (117 3 - 256 8) 
are non-workers, whereas among the females the percentage of non-workers is as high as 
76 1% (186 6 - 245 1) Among the mam workers 76 B% (134 1 174 5) are males and only 

23.1% (40 4 ^ 174 5) are females But females constitute the larger share among the 
marginal workers and non-workers, the percentage of women in these categories being 
77% (18 I + 23 5) and 61 4% (186 6 - 303 9) respectively 

As in the univariate case, care has to be taken while defining the classes of a bivariate 
&equency table to ensure that no possible pair of values belongs to more than one class, and 
that every possible pair of values belongs to some class or the other The simplest way to 
ensure this is to first define classes separately for each of the two variables and then from 
them construct classes- for pairs of values We illustrate this by an example in which both 
vaiiables are quantitative 

Example 12 2 

The raw data for this example consists of nieasuiements (in cm) on the sitting height .V, and 
the height 1, for 792 individuals The sitting height is the height measured from the seat of 
the chair, on which the person is sitting, to the top of the head We divide the values of.V 
into 3 classes and those of ) into 5 classes The class 80- for /Y represents values of .Y equal 
to 30 cm or more but less than 83 cm, whereas the class 160- for 1 represents all values of 1' 
equal to 160 cm or more but less than 165 cm While dividing the values of .Y and 1’ into 
classes we make sure, as m the univariate case, that every possible value of A’, or 1' is 
included m some class and that no value belongs to more than one class This division of 
values of A' mlo three classes, and of ) into 5 classes, gives us 15 classes in all for the 
bivariate frequency table, and the total frequency 792 will be distributed m these 15 classes 
The bivariate frequency table obtained from the raw data is shown below 

TABLE 12 3 

FREQUENCY DISTRIBUTION OF PERSONS BY HEIGHT AND SITTING HEIGFIT 
(BOTH MEASURED IN CENTIMETRES) 


X 

Y 

150- 

155- 

160- 

I65- 

170- 

TOTAL 

77- 


18 

23 

4 

I 

I 

47 

80- 


27 

59 

31 

6 

3 

128 

83- 


28 

194 

274 

107 

I4 

6I7 

Total 


73 

276 

3II 

I14 

I8 

792 
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The last column t^ives the totals of the frequencies in the rows, and the last row gives the 
totals of the frequencies in the columns From this table we also see that for the 792 persons 
the observed values of .V were 77 cm or more but less than 86 cm, and those of > were 150 
cm or more but less than 175 cm 

In general, if we have two variables of observation X and f, and we define m classes 
using the values of A' and ?i classes using the values of f, we will get a total of nm classes for 
the bivariate frequency table The total frequency (i e, the total number of units of observation) 
will then be divided into mn class frequencies of the bivariate frequency distribution 


EXERCISE 12.1 

1 What is the number of persons for which, in Table 12 3, 

(a) sitting height is less than 80 cm and heiglit is 155 cm or more but less than 165 cm 7 

(b) sitting height is 80 cm or more and height is less than 160 cm 7 

12.2 Marginal Distributions 

In the bivariate frequency tables we had also shown the totals of the row frequencies in the 
last column, and the totals of the column frequencies in the last row Tliese totals are not an 
essential part of a bivariate frequency table Such a table is a description of how the total 
frequency is divided into the class frequencies of the classes defined by means of the values 
of the two variables Hence, it is enough to show the class frequencies and the total 
frequency to describe a bivariate frequency table 

However, m almost all cases of bivariate frequency tables we also present the totals of 
the row frequencies in the last column and the totals of the column frequencies in the last 
row One reason for doing so is that it provides a check on our calculations, the total of the 
last column should be equal to the total of the last row as both are equal to the total 
frequency For example, m Table 12 .3, the total of the last column (47 + 128 + 617) is equal 
to the total of the last row (73 + 276 + 311 + 114 + 18) and both are equal to the total 
frequency 792 

But the more important reason for including such totals is that they provided additional 
information Let us take a look again at Table 12 3 The last column totals are 47, 128, 
and 617 The first of these is the number of persons whose sitting height belongs to the 
class 77- The second and third totals are lespectively the numbers of persons whose 
sitting heights belong to the classes 80- and 83- In other words, if we were interested 
only in the variable V, then the last column would describe the class frequencies of 
the classes 77-,. 80-, and 83- In the same way, the totals entered in the last row 
are the class frequencies for the classes 150-, 155-, 160-, 165-, and 170- when 
we consider only the variable ) 

Thus, the totals entered in the last column, and the last row, give the (univariate) 
frequency distributions separately for the two variables \' and 1 If we had shown these two 
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univariate distributions separately we could get the following tables 


.S’/f/in.i,' !kit'll! 

I'mjuvnty 

lleit’hi 

I'lec/iieiicy 

77- 

47 

1.50- 

73 

80- 

128 

1.55- 

276 

83- 

617 

160- 

311 



165- 

114 

Total 

792 

170- 

18 



Total 

792 


In the bivariate frequency table (Table 12 3) we have presented in a compact form these 
two univariate distributions also, one for the variable \ and the other for the variable I' 
These two univariate distributions are called the marf’inal dislnhiiliDm of the hivanuk 
fi-ecfiiency clis'lnhitliom The use of the word “marginal” indicates simply that the frequency 
distributions occupy the margins (last column and last row) of the bivariate frequency tables 
We can now see another advantage in defining the classes of a bivariate frequency table 
by means of a division of the values of the two variables into classes separately, and m using 
the row and column presentation In this way we describe in a single table tbe bivariate 
distribution using values of both the variables \ and ) as well as the two univariate 
distributions, one using the values of \ only, and the other using the values of K alone 

12.3 Conditional Distributions 

From the bivariate frequency table we can also derive olhei univariate frequency distributions 
ill addition to the marginal distributions Consider, for example, the first column of Table 
12 3 This column informs us that tliere were 73 persons whose height was 150 cm or more 
but less than 155 cm, and out of these 73 persons 18 had silting height in the class 77-, 27 
had sitting height in the class 80-, and 28 had sitting height in the class 83- 

If we are interested only in persons whose height 1 is in the class 150-, their frequency 
distribution by the values of the sitting height A' is given by the fust column Similarly, the 
second column gives the frequency distribution by sitting height A' of those persons whose 
height 1 IS 155 cm or more but less tlian 160 cm Thus each column of the bivariate 
frequency table itself describe a univariate frequency distribution We have already discussed 
the frequency distribution described by the last column and named it the marginal distribution 
of the values of the variable \ The other three coliinins also describe frequency distributions 
with classes defined by the values of the variable A' There is, however, one major difference 
between these three distributions and the marginal distribulion given by the last columir 
The iiiarginal distribution could have been obtained if we had only taken observations on the 
variable .\ The values of the variable ) are not needed to obtain it But, for the other three 
distributions we need the values of the variable )' Thus, the distribution described by the 
^irst column is obtained by the values of \ for only those units of observation (73 m number) 
inch have values of ) belonging to the class 150- For this reason we call the frequency 
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distribution described by the first column as the cimJilinnal diMnhulioii of V given that the 
values of )' are 150 cm or more but less than 155 cm The word “conditional” is used to 
indicate that we are considering only those units of observation for which the values of the 
variable ) satisfy a certain condition viz that of being equal to 150 cm or more but less than 
155 cm The first five columns of the bivaiiate frequency table, excluding the last one, 
describe five different conditional distributions of \ in each of which the units of observation 
satisfy a different condition regarding the values of the variable 1 

Similarly, each row of the bivariate frequency table, except the last one, gives a frequency 
distribution for the variable ) in which the units of observation satisfy a certain condition 
regarding the values of \' For example, the second row describes the frequency distribution 
by values of 1 of those 128 units of observation for which the A values belong to the class 
80- So, the first three rows of the table describe three different conditional distiibutions of 
Y in each of which the units of observation satisfy different conditions regarding the values 
of the variable V 

In general, if the bivariate frequency table has in classes for the \' values, and n classes 
for the ] values, we shall have n conditional distiibutions for V (one for each 1 class), and m 
conditional distributions for) (one for each \ class) 

12.4 Relationship between Variables 

You have already come across the idea of relationship between variables through the concept 
of a function When we say that the area of a circle is a function of the radius we mean to 
say that the area and the laditis aie lelatecl vaiiables If we know the radius we can 
determine the area, and from-the value of the area we can find the value of the radius 
Similarly, the height of a body above the ground and the time taken by it to fall freely under 
gravity to the ground level are related variables the value of one of them determines the 
value of the other We shall call such relationships, where the value of one variable 
determines that of the other fiinctunuil relaliimship', to distinguish them from another type of 
relationship between variables discussed below 

Consider the two variables height and weight of a given group of men We know that in 
most cases taller people will have greater weight as compared to persons of shorter height, 
But at the same time, a short fat person may have a greater weight as compared to a lean tall 
person Also, we cannot determine the weight of a person from his height though we could 
try to make a reasonable guess about it In short, a tall person is more likely to be heavier in 
weight than a short person though we cannot put this statement as an exact nile to be true in 
all cases This is unlike the relationship between radius and area of a circle where we can say 
that a circle with larger radius will always have a larger area than a circle with a smaller 
radius The relationship between height and weight is not a functional relationship of the 
kind between the radius and area of a circle 

As another example of a relationship between variables which is not a functional 
relationship consider the data of Table 12 3 We see that persons with high value of the 
height ) are more likely to have high values-for the sitting height .V also. But here too no 
exact rule can be formulated giving the value of A in terms of the value of Y At the same 



610 




time we cannot also say that height and sitting height arc unrelated 

The relationships which we wish to study are of the type between height and weighty ^ 
between height and sitting height We call them xlultslical rijla(i(m\hii)\ to distingmsh then, 
from functional relationships In such relationships we cannot exactly determine the vakieoi 
one variable from that of the other But, we can form a general idea of the behaviour of thi 
values of one variable from the given values of the other 

How does one discover if a statistical relationship exists between two variables In sowi 
cases (eg, height and weight, height and sitting height) we can say so from past experienn 
and knowledge In other cases the bivariate frequency table gives an indication whetherj 
statistical relationship exists between the variables or not 

Consider the data of Table 12 2 Here we have two variables sex and work-status W( 
find that 'only 16 5% (40 4 - 245 1) of the females are mam workers, whereas for the niala 
this percentage is 52 2% (124 1 - 256 8) So a male is more likely to be a mam worker tliai 
a female In the same way one can conclude that a female is more likely to be a marginal oi 
non-worker than a male Looking at the data in anotliei way we find tliai 
76 8% (134 I - 174 5) of the main workeis aie males and only 23 2% (40 4 - 174 5) an 
females On the other hand the males are 38 6% of the non-workeis and the females an 
61 4% Thus, one is more likely to find a male among the main workers, and a femak 
among the non-workers So, we can say with some justification that the sex and work-statit 
variables are related through a statistical lelatiouship 

We can look at the concept of a statistical relationship between variables in another waj 
Again suppose we have the data of Table 12,2 before us, If we are told that the person isi 
main worker and asked to make a guess about the person being male or female we woulj 
prefer to answer that the person is a male, but if we are told that the jaerson is a non-workei 
and again asked to guess whether the person is male or female then our preferred answei 
would be that the person is a female We arrive at these answers because we know than 
large majority of mam workers (76 8%i arc males, so that, if from the mam worker oin 
worker is selected, the selected worker is more likely to be a male Similarly, if we select i 
person out of all persons who are non-workers, the selected person is more likely to be i 
female 

If we were to summarise the above discussion about statistical relationship between variables 
we can say that such a relationship exists if the knowledge of the value of one variable convej! 
some information about the value of the other variable Looking again at Table 12 2, if we art 
not told anything about the work-status of a person, all we can say is that 51 2% (256 8 - 501 Ol 
are males and 48 8% (245 1- 501 0) are females But, if we are told that the person belongs li 
the class of non-workers, then we can say that 18 (>% (117 3 - 103 9) are males and 61 4";i 
(186,6 T 303 90) are females Thus, the inforni.iiion about the value of the work-status variabk 
has conveyed some mformatioii about the sex variable m tlie sense that the relative proportion ol 
males and females is now different from what it was when we had no information about tin 
work Status variable 

Special methods have been develojaed to discciver the existence of a statistical relationship 
between two variables from bivariate data When both variables m the bivariate data are 
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quantitative we use the term currclaium analvsis to describe the methods designed to find 
out if a statistical relationship between the two variables exists or not 

If we have reasons to believe that such a relationship exists we are faced with a second 
problem, which is the estimation of the likely value of one of the variables when the value of 
the other variable is known For example, given the height of a person we may wish to 
estimate the likely weight of the person In the case of bivariate data with both variables 
being quantitative variables, the methods of estimating the likely value of one variable from 
the known value of the other variable form a part of rej^rcssion analyxis. 

In what follows we shall restrict ourselves to the study of some methods of correlation 
and regression analysis when both variables are quantitative 

B CoRRMAI KIN AnAI YSIS 


12.5 Covariance 

Before coming to the study of correlation, we introduce the concept of cavananca between 
two quantitative variables This concept will then be used to develop methods of correlation 
analysis 

Suppose we have n units of observation for each of which we have observations on two 
quantitative variables \ and )' Let the n pairs of observations be written as the ordered pairs 

U,. V|), Uj.Vj), 

where x^, x^, denote observed values of the variable \, and Vp v„ those of I We 
first obtain the arithmetic means 

- ■«, + + K, 

X = -l' - - 

n n 

of the observed values of the variables .V and 1 Next, we obtain the dtivialums 

x-x,x^-x, ,X~X 1 

1 2 ’ ’ <1 ' 

of the observed values from their mean.r , and the deviations 

V, - .V, V, - >; , - K 

of the observed I values from their mean,)' We then multiply the two deviations for each 
unit of observation to get the n products 

(jc, -.v) CV| - V ), - 0 (.Vj - v), , (X, -jf) - v) 

These n products are then added together and divided by n (to get the average value of the n 
products') to define the covariance of V and 1, which we will write as Cov (.V, I ) 
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Thus we have 

Defimtion 

The covariance Cov (A'/) between two variables A'and Y is given by 


Cov (A', y ) = 


(X, -X) 0^1 -y) + (Xj -JC ) Cv^ -y) + + (X„ -X ) Cv„ ~y ) 


(X, - X ) Ct', “A ) 

= 1 

12.6 Calculation of Covariance 


" ,= 1 




Given a set of n pairs of observations (x,, _v,), (x^, y^ ) we do not use the above definition 

to calculate the covariance We use instead a slightly different formula which makes the 
calculations easier to carry out and which also reduces the chances of errors 
The formula we use for calculating the covariance is based on the algebraic identity 


)CV,-A )= XV,-nxy 


1 = 1 


1 = 1 


n 

rn 1 

n 


V 





/= 1 

l' = i 




A similar method was used for calculating the variance where 


I V, -J)' 


was replaced by 


P-- 

L ‘ n 


1 = I 

I 'L 


I = I 


I. 


1 


Using the above identity the covariance is calculated as follows’ 
(i) obtain the sums 

n 

(li) obtain the sum y^of the products 
;= I 

(ill) calculate the difference 


I-’-7 I'. 


and divide by iJ 
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Example 12 3 

Let the pairs of observations be 


(1. 10), (2, 9). (3, 8), (4, 8), (5, 6). 

(6. 12)), (7, 4), (8, 3), (9, 18), (10. 1) 


We have 



x,-l+2+. +10 = 55 

;/,= 10+9+, +1=79 

x,y, = 10 + 18 + 24 + 32 + 30 + 72 + 28 + 24 + 162 + 10 = 410 


w = 10 


Hence, 


1 79 X 55 

Covariance = - 410- 

10 10 

= -2 45 


Example 12 4 

Let the pairs of observations be 


(1, 6). (2, 9), (3, 6), (4, 7), (5, 8), 

(6, 5), (7, 12), (8. 3). (9, 17). (10. 1), 


We have 


^jr,=il + 2+ , + 10 = 55 
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E 

E 


^ — 6 + 9 + + 1 — 74 

= 18+ 18+ 28+ 40+ 30+ 84+ 24+ 153 + 10 = 411 


n = 10 


Hence, 


1 

Covariance =- 

10 


74 X 55 

411- 

10 


= 04 


12.7 Meaning of Covariance 

The first thing to notice is that the procedure to obtain the covariance is almost similar to tlie' 
procedure of obtaining Uie variance described in Chapter 17 of the textbook for Class XI 
We recall that to arrive at the definition of variance also we started with the deviations 
A’l - jc, JCj -X, . of the observed values jc,, from their mean x These deviations were 
squared, the squared deviations were added together and then divided by the total number of 
observations to get the average value of the squared deviations whicli was called the variance 
of the observed values. 

In the present case we have fvt'o sets of deviations, one for the observed values 
of A' and the other for the observed values of Y It is these two sets of deviations 
which are being multiplied together and then averaged Why is it that we are 
taking these products ? In the case of the variance we were taking the squares of 
the deviations because, as we had explained, we were trying to measure the variation 
in the observed values of the variable, that is, whether the observed values were 
very much different from each other, or were approximately equal What are 
we trying to measure now by working with products' of the deviations of tm 
variables 7 

The use of the word “covariance" itself suggests that what we are trying to measure is 
how the pairs of observations (jc,, y,), y^), , one pair for each unit of observation, are 

varying or changing Is an increase in the values of one variable, say .V, accompanied by an 
increase in tlie values of the other variable I 7 Or. do the values of one variable decrease 
when those of the other increase ? Or, do the values of one variable sometimes increase 
as the values of the other variable increase 7 The value of the covariance obtained 
in any particular case provides a sort of answer to these questions Let us illustrate 
these ideas by considering the following examples of junctional relationship defined 
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by means of graphs of functions 



(c) (d) 


Fig 121 

In Fig 12 1 (a) we see that the values of .V and )' increase or decrease together if the 
value of X increases the value of 1' also increases, and vice-veisa, if the value of A' decrease. 
that of f also decreases, and vice-versa The same is true for the function described by the 
graph in Fig 12 1 (b) The situation described in Figs 12 1 (c) and (d) is the opposite Now, 
the values of one variable decrease if those of the other increase, that is, an-increase in the 
values of A' show a decrease m the values of 1', aiid a decrease in the values of X is 
‘accompanied by an increase in the values of Y 

We have a diflferent situation in the graphs given in Figs. 12 I (e), (f) and (g). 

In all these three figures we find that as the values of A' increase, the values of Y 
sometimes decrease (see points A and B on the graphs), and sometimes increase (see points 
C and D on the graphs) However, there is an important difference- when we compare 
the graphs in Fig 12 1 (f) and (g) with the graph in Fig 12 1 (e) In the graph in 
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Big. 12.1 

Figl2 1(f) we find that the values of/'gradually increase as the values of X increase even 
though there are ups and downs in the values of / Similar is the case with the graph 
in Fig. 12,1 (g) except that now there is a gradual decrease in the values of K as the 
values of X increase However, in the graph in Fig 12.1 (e) we cannot notice any such 
trend in the changes in the values of / when the values of X increase. 

Let us now study how the value of the covariance helps us in identifying the different 
types of situations we have described above We do this by loobng at some numerical 
examples in each of which we give the pairs of values of 10 observations and the value of the 
covariance 


Example 12.5 


Values, (1, 2). (2, 4), (3. 6), (4, 8), (5, 10), 

(6, 12), (7, 14), (8, 16), (9, 18), (10, 20) 

Covariance 16 5 


Example 12 6 


Values (U10), (2, 9), (3, 8), (4. 7), (5, 6), 
(6, 5), (7, 4), (8, 3), (9, 2), (10, 1). 

Covanance -8 25 
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Example 12 7 

Values (1, 10), (2. 9), (3, 8), (4, 7), (5, 6), 

(6, 5), (7, 4), (8, 3), (9, 18), (10, 1) 

Covariance ~2 45 

Example 12 8 

Values (1, 2), (2, 4), (3, 8), (4, 7), (5, 10), 
(6, 5), (7, 14), (8, 16), (9, 2), (10,20) 

Covanance 10 2 

Example 12.9 

, Values (1. 6), (2, 9). (3, 6). (4, 7), (5, 8), 

(6, 5), (7,12), (8, 3), (9, 17), (10,1) 

Covariance 0 4 

Example 12 10 

Values (1,6), (2, 9), (3, 6), (4, 7), (5, 8), 

(6,5), (7, 11), (8, 3), (9, 15), (10, 1) 

Covariance -0 45 


When we look at those examples the first thing we notice is that unlike the variance, 
which can only take positive values, the values of the covariance can be both positive and 
negative Some positive values are large (e.g 16 5), some are small (e g 0 4) Similarly, 
the negative values can be large in magnitude or small (e g -8 25 and -0,45) 

Let us now look more closely at the example starting with those where the covanance 
is positive In example 12 5, an increase in the value of X (the first variable of the pair) is 
associated with an increase in the value of the second variable f In fact, each value of Y is 
double the corresponding value of X In example 12 8, we find that as the values of X 
increase from the first to the tenth pair, the values of Y are mostly increasing, wi.h the 
fourth, sixth and mnth pairs showing a decrease The value of covariance is still positive 
but is lower than that in example 12 5 In the example 12 9, the values f, as in example 
12 .8, sometimes inctease, and sometimes decrease, as the values of X increase, but as 
compared to example 12 8 the fluctuations here are larger The covariance value is now 
very small 



618 


MATHHMATICS 


From these th(pe examples we may conclude, (houffh withuul proof that large positi\e 
values of covariance indicate that the values of the two variables mostly increase or decrease 
together, though for a few pairs of values this may not be true As the positive value of the 
covariance decreases then, as the values of one variable increase the values of the other 
variable fluctuate more and more, sometimes increasing, sometimes decreasing A positive ! 
value of the covariance which is very small (i e, which is near zero) indicates that there is no ' 
trend even, which would show that, thougli fluctuating, the values of one variable gradually 
increase when those of the other variable increase 

When we look at examples 12 6,12 7 and 12 10 the conclusion are similar except that 
here the value of the variables move m opposite directions When the values of one variable 
increase those of the other decrease If the negative value of the covariance is large in 
magnitude, as in example 12 6, it indicates that except may be for a few pairs of values an 
increase in the value of one variable is accompanied by a decrease in the value of the other 
variable and vice-versa Wlien the negative values of the covariance decrease in magnitude 
there are more and more fluctuations as described earlier till we reach a negative value near 
zero for the covariance, which indicates the absence of any trend 

What we have discussed above may become clearer if we make use of what is called a 
scatter diagram If we have n pairs of observations (jc,, (jCj, w,), , (x^, yj on two 

quantitative variables .V and K, we get the scatter diagram of the observations by plotting 
each pair of observations as a point in the plane as we do in coordinate geometry The 
scatter diagrams of the examples given earlier are shown below 

An examination of these six scatter diagrams makes the earlier discussion easier to 
understand 

Scatter diagrams Fig 12 2 (a) and (b) show a'clear linear change in the values of f as the 
values of A change Here, all the points lie on a straight line so that value off can be 
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Fig. 1X2 

predicted exactly from the value of A' Tims, in these two cases the statistical relationship is 
in fact a functional relationship Note that the strait^it line in Fig 12,2 (a) has a positive 
\'lope and the one in Fig 12.2 (b) has a negative slope' the corresponding values of covariance 
are also positive and negative respectively 

The scatter diagrams Fig,12 2 (c) and (d) are somewhat similar to the diagrams 
Fig 12 2 (b) and (a) respectively except for the fact that we can no longer say that an 
increase in the values of one variable (say A”) will always be accompanied by an increase 
(or decrease) in the values of the other variable ¥ But, except for some values, we can see 
that the pairs of values indicate a/i/iear/rent/with a negative slope in Fig 12,2 (c) and a 


620 


MATHEMATICS 


positive slope in Fig 12 2 (d) The corresponding values for the covariance are negative and 
positive respectively, though smaller m Maffnitude in comparison to the covariance values in 
Fig 12 2(b) and (a) 

When we come to the scatter diagrams Fig 12 2 (e) and (f) we find that, as 
compared to Fig, 12 2 (c) and (d), we do not see a well defined trend of change m 
y values when the^ values increase The covariance values are small in magnitude, 
though one value is positive and the other negative If we examine once again the 
pairs of values in examples 12,9 and 12 10 we find that there is hardly any difference 
between the two sets of values Thus when the covariance values are small m 
magnitude the fact that they are positive or negative is hardly of any significance, 
unlike the case when the covariance values are large in magnitude 

12.8 Coeffcient of Correlation 

We may now realise the importance of the covariance as a measure indicating by its value 
the existence of a statistical relationship between two quantitative variables, and indicating 
by Its sign the nature of the relationship, that is whether the values of the two variables move 
in general in the same or opposite directions 

However, we do not use the covariance value directly to study statistical relationships 
between quantitative variables but we modify it sliglitly 

To understand the need for modifications, let us suppose we are studying the 
statistical relationship between the height {X) and weight (F) of a group of persons. 
Our conclusion about the existence of the relationship should not depend upon the 
units in which X and Y are measured The answer should be the same if X is 
measured in metres or centimetres, and Y is measured in grams or kilograms 
Now, if you look at the definition of the covariance you will find that if X is 

1 

measured in metres and Y in kilograms the covariance value will be-(i e ,10"*) 

100000 

times the value of the covariance when X is measured in centimetres and Y in 

grams So, the two covariance values will lead to very different conclusions about 
the relationship. 

To take care of tins difficulty we divide the covariance by the square root (positive value) 
of the product of the variances of A' and Y This gives us the correlation coefficient of the 
variables AT and Y which we shall denote by p (A', Y ) (The letter p is the Greek letter “rho”, 
which you may pronounce as “row") 
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Thus, we have the definition. 

Deflmhon 

The correlation coefficient p (X, Y ), between two variables X and Y is given by 


piX,Y)^ 


Cov (X, Y ) 


Nzt{X) Var(y) 


1 

n 


n 

\ (jf, -X ) (y, ) 

1 = 1 



With this modification, that is, replacing Cov (A', T) by p (A", /), we get a measure 
which IS independent of the umts in which the quantitative variables X and Y are measured. 

More precisely, if the variables X and Y are replaced by the variables U = aX+ b, 
V=cY + d, then we have 

p(U,V) = p(X,Y) 

In other words, if we obtain the value of the correlation coefficient by using the values 
(Xj, ) of the variables X and Y, or by using the values = ax^ + 6, = cy^ + d of the 

variables U and V, the result is the same we get the same value for the correlation coefficient 
in either case 

Note that the denominator in the definition of p will always be positive, so that the value 
of p IS positive or negative according as the covariance v^ue is positive or negative Also, 
its value lies between -1 and +1, that is we have the relation (we omit the proo^ 

-1 fip(jc,^)5 1 
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Hence, 


^»’= 1770, 5]'’,"'”9, 1 »,v,- 


299. 


299- 


P(u, r) = 


120 X 29 
10 


1 


1770- 


-49 


120 X 120 


10 


299 - 


29 X 29 


10 


-49 


V (330) (214 9) 266 302 

= -0.18 (approx ) 


12.10 Interpretation of the Correlation Coefficient 

The coefficient of correlation is designed to give us a measure indicating by its vdue if a 
statistical relationship exists or not between two quantitative variables We shall now discuss 
how the value of the coefficient of correlation enables us to decide if a statistical relationship 
exists or not We begin by obtaining the value of the correlation coefficient for the data of 
Examples 12 5 to 12 10 We give below the values of Cov (A’, f ), which we have already 
obtained, Var (X ), Var (f ), and p (A', Y ) for each of the six Examples 12.13 to 12 18 


Example 12 13 

' 




Cov {X, K ) = 16 5, 
/i(.ir, K) = l 

Var (A) = 8 25, 

Var (f ) = 33 

Example 12 14 

Cov (A", y ) = -8 25, 
p(X,Y) = -l 

Var (A) = 8 25, 

Var (} ) = 8 25 

Example 12 15 

Cov (A, n = -2 45, 
p(A, y) = -0 18 

Var(A)= 8 25. 

Var (f ) = 21 49 

Example 12.16 

Cov (A, Y ) = 10 2. 
p (A; ¥ ) = 0.61 

Var (,A')= 8.25, 

Var (F ) = 33 96 

Example 12 17 





Cov (AT; 10 = 0 4, Var (A') = 8.25, Var (r)= 18.64 
p(A, y) = 0,03 
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Example 12 18 

Cov (A', r) = - Oi 45, Var (AT) = 8 25, Var (^ ) = 14 29 
p (A’,! ) = - 0 04 

(Values of p have been rounded off to two decimal places in Examples 12 15 to 12 181 

Examples 12,13 and 12 14 result in the extreme values 1 and -1 of the correlation 
coefficient We also note that in these two examples the scatter diagram is a straight line 
showing that there is a functional relationship, in fact a linear relationship, between the two 
variables If the value of one variable is known for a given unit of observation the value of 
the other variable for the same unit of observation is exactly determined The extreme values 
1 and -1 of the correlation coefficient arise only in such situations We state without proof 
the following result 

“ The correlation coefficient p (.V, 1 ) takes the value 1 or -I if and only if the variables 
A' and Y are linearly related” 

Consider next the positive values of p (X, J') As the value of p decreases from 1 to 0 
we find that the scatter digram indicates a linear trend vvith the points being scattered around 
a straight line The scatter is small for positive values of p close to 1 and increases as the 
value of p decreases, for values of p near 0 the scatter is considerable and the linear trend 
almost disappears The situation is similar in the case of negative values of the correlation 
coefficient As the values of p increase from - I to 0 the scatter diagram continues to show a 
linear trend with small scatter for values of p near -1 and increasing scatter as the values of 
p approach 0 For negative values of p near 0 the scatter is again considerable and the linear 
trend disappears The positive and negative signs of the value of the correlation coefficient 
only indicate whether the values of the two variables increase or decrease together (positive 
values) or, the values of one variable decrease with increase m the values of the other 
variable (negative values) 

We thus see that the value of the correlation coefficient enables us to find out if a statistical 
relationship exists between vanables in a bivanate frequency distnbution Once we know the 
value of the correlation coefficient we can draw some conclusions regarding the existence of a 
statistical relationship between two variables on the basis of the observations we have on the two 
vanables We cannot go into the complete mathematical theory at this stage, but the general 
rules and methods of mterpretation of the value of the correlabon coefficient can be stated as follows 

(1) If the value of the correlation coefficient is equal to +1, then there is necessarily a 
functional relationship between the variables A' and }’ In fact, we can say that the 
variables have a linear relationship, i.e , there exist constants a and h (S 0) such that 

I =a+h\. 

(It automatically implies that there exist constants c and d (^ 0) such that 

X=c + dY ) 

The scatter diagram in this case is a straiglit line with a positive slope In such a case 
we sometimes say that there is jjerfect positive correlation between A’ and Y 
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(2) If the value of the correlation coefficent is equal to -1, then there is necessarily a 
functional linear relationship between X and 1 There exist coefficients a, h or c, cl such 
that 

■) ^a + h\ 

01, A'=c' + r/l 

However, in this case h and d will be negative, whereas in the first case (/i = I) they 
were positive The scatter diagram in this case is a straight line with a negative slope 
In this case we say that there is perfect negative correlation between \ and 1 

(3) If the value of ^ (A, 1 ) is positive and close to the value 1, the points in the scatter 
diagram are scattered about a straiglit line with a positive slope The points will be 
close to the straight line if the value of p is very near to 1 We say in such case that 
there is higli positive correlation between \ and 1 

(4) If p (.V, 1 ) has a negative value which is close to -1 the situation is similar to the 
preceding case The points of the scatter diagram now are scattered around a straiglit , 
line with a negative slope, they get closer and closer to the straight line as the (negative! , 
value of p gets near to -1 We say in such cases that there is high negative correlation 
between A and )’ 

(5) When the value of p (positive or negative) approaches the value 0 we are faced with a 
difficulty In such cases either there is no evidence of a statistical relationship between 
the variables, or the variables can even be having a functional lelationship Of course, 
the fimctional relationship in such cases will not be linear since for linear functional 
relationship we must have p-\ or/r= -l 

So, when we have a value of p near 0 we cannot draw any conclusion about the existence 
of a statistical relationship between the variables unless we draw the scatter diagram When 
we have a value of p near to I or -1, we do not have to draw the scatter diagram, the value 
of p Itself tells us what the scattei diagram will look like But when the value of p is near 0 
we must look at the scatter diagram before we draw any conclusions The scatter diagram 
alone will tell us whether the small value of p represents the absence of a statistical relationship 
(m which case we will say that the variables are wiLiirreluliid ). or it represents the existence 
of a n(i/7'/ineor functional or statistical relationship 

The correlation coefficent is derived from the numerical values of the given variables but 
does not in any way depend on what the variables are Hence, care must be taken in 
interpreting an observed value of the correlation coefficent A high value of the correlation 
coefficient should not automatically lead one to the conclusion that the variables have some 
influence on each other For example, a value of -0 98 has been reported for the correlation 
between the birth rate in Great Britain, from 1875 to 1920, and the production of pig iron in 
the United States Surely, we cannot, by any stretch of imagination, conclude from it that 
the production of pig iron and the birth rate influence each other in any way Similarly , a 
high value of correlation between rainfall and wheat production may be taken to siipfxirt the 
conclusion that rainfall influences wheat production, but it certainly cannot be interpreted to 
mean that wheat production influences rainfall Thus, the correlation coefficient by itself 



CORRELATION AND REGRESSION 


627 


does not say anything about the influence that one variable has on another At best, it can 
only support or disprove our hypothesis of two variables influencing each other, but the 
hypothesis has to be formulated by taking the nature of the variables into consideration, 

C REtiRtssioN Analysis 


12.11 Introduction 

At the start of this chapter we introduced the idea of statistical reationship between variables 
as distinct from the idea of a functional relationship In a functional relationship, if we 
know the value of one variable (the independent variable) the value of the other variable (the 
dependent variable) is determined exactly In a statistical relationship the situation is slightly 
different Now we cannot exactly determine the value of one variable from that of the other 
All we can do is to make an estimate of the value of one variable when that of the other is 
known, knowing fully well that there could be an error as there is no pertainty that our 
estimate would tally exactly with the value actually observed Ref^ra&tion analvsis is concerned 
with the method of making such estimates It attempts to lay down rules for preclictinf' the 
value of one variable from that of the other such that our prediction will be “good” in some 
sense 

Actual prediction is done through a rule which lays down what the preclicteil value of a 
variable will be for a given value of the other variable In other words, we will define a 
ftinctioii / of the X- values so that if j: is the given value of the variable X the predicted value 
of the variable 7 is f(x) Similarly, we define another function g of the )' values which gives 
the predicted value g(^v) of the variable X for a given value _v of the variable Y 

We use the general term regression junction for the functions / and g and say that 

y=fix) 

is the regression equation'oj Y on A', and 

x = g(y) 

IS the regression equation of X on Y Thus, a regression equation describes the rule to be 
followed for determining the predicted value of one variable from the given value of the 
other variable There are two regression equations, The regression equation of 7 on X is 
used to predict the values of -7 from the given values of X, and the regression equation of X 
on 7 is used to obtain the predicted value of Jf from the given value of) 

Once the regression rule has been defined we have to somehow try to see how good it is. 
Suppose our regression rule is defined by the regression equation 

y = fix) 

of 7 on A' If (jc_, ) are the observed values of X and 1 for the ith unit of observation, then 

the difference between the actual value y^ of 7 and the predicted value f (jf‘) gives an idea of 
the error made in predicting the value of 1 from the given value of the variable X If the 
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differences 

- f(x^\ Vj - /(JCj), , y„ - fU„) 

are small, we could say that cur prediction* ^riile is "i^ood” Thus, a measure of 
the error we will be making by using the prediction rule described by the regression equation 
will have to take into account all the above differences You may have noticed that the ' 
situation IS similar to that of constructing a measure of dispersion of the values out of the ' 
individual deviations 

which was discussed in Chapter 17 of the textbook for Class XI I 

The general regiession problem has two aspects, one is the selection of the regression j 
function, and the otlier is the construction of a measine of the prediction error made while 1 
using the regression function for prediction purposes We shall discuss both these aspects, [ 
limiting ourselves to the case where the regression function is linear In other words, we will J 
be studying the method of linear i ef’i es'<ion only 

There is another reason for restricting ourselves to the study of linear regression 
One can try to tackle the problem of prediction only when one is reasonably sure 
that a statistical relationship exists between the variables In the absence of such a 
relationship one cannot think of predicting the values of one variable from those of 
the other Such a prediction is meaningless It would be like predicting, for | 
example, the amount of wheat produced m a year from the number of train accidents 1 
during that yeai We have used the correlation coefficient to determine if a 1 
statistical relationship exists between the variables And we have seen that the [ 
coirelation coefficient can be used only when the lelationship can be assumed to be | 
of a linear type Thus, our prediction methods will also have to use a linear form i 
for the regression function If any other form is to be used then the methods for [ 
determining the existence of a statistical lelation will also have to be changed j 

I 

12.12 Least SquaresiLines of Regression 

Suppose we wish to predict the values of the variable 1 from the values of the variable V We 
take as our regiession equation, the equation 

y = Cl + hx 

Thus, if x^ IS an observed value of V, the predicted value of f for the gi\ien value of A will be 

a + hx 

/ 

We are thus restricting ourselves to the use of linear regression functions The problem now 
IS to determine the constants a and h m such a manner that the particular linear function 
determined by these values of a and h is, in some sense, the best among all linear functions The 
actual values of a and h will depend on the obsei vations (x,, y,), , (x^, u ^ ) on the variables A 

and 1' As mentioned eailier the best linear function will be obtained by examining the differences 
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y^-(a + bx^\y^ - (a + hx,\ , - (a + bx^^ ) 

between the observed values 


and the predicted values 




, >’ 


a + hx,, a + hx^, , a + bx 

V 2 ’ ’ « 


of the variable }’ The best linear function will be the one for which the total contribution of 
these differences is small Now, the predicted value will be soinetinies more and sometimes 
less than the observed value so that, some of the above differences will be positive and some 
negative Hence, we cannot simply total them and then choose a and h such as to make this 
total as small as possible For this reason, we take instead the sum 

n 

^ (y^-a-hx^)^ 

1 = 1 


of the squares of these differences and then choose n and h such that tins sum is a minimum 
The values of a and h can be easily determined by the methods of the differential calculus for 
obtaining the maximum and minimum of functions Once the values of ii and b have been 
determined, the iegression equation takes the simple form 


_ Cov (A; Y ) 
v-v= - {X- x), 

% 

where tr ^ denotes the variance of A' Tins equation is the equation of the Itiavl \quares line 
oj regression ofY on JY The constant 


Cov (A 


— I 

X f) n ^ ‘ 


-X ) tv, ~y) 


I 


(x-xf 

^ (X, -X ) tv, ^,v) 


IS called the regression coe/fictent of 1' on X and is denoted by b^^ Since the value of the 
variance is positive, the regression coefficient will be positive when Cov (A'. F) is 
positive, and it will be negative when Cov (A, f) is negative Thus, the regression coefficient 
i,, has the same sign as the correlation coefficient p (A', F) 
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Similarly, if we wish to obtain the least squares line af ref'ressnm of V on I, we will 
start with the regression equation 

x-c+dy 

and iiiinimise the sum 

n 

y 

/= 1 

The values of c and d which give the minimum value of this sum result in the following 
form for the regression line A’ on Y 

Cov(A,y) 

x-x = -t u- V ) 

c ^ 
y 

where denotes the variance of Y The conslaiit 
cvg.i) 

n 

J, (Jc, -X ) O’, -y) 

I 

IS called the regression coefficient nf\ on Y and is denoted by It also has the same sign 
as the covariance of V and 1, or as the correlation coefficient p (A', ) ) 

If we wish to predict the value of Y for a given value ^ of A, we will use the regression 
line of }' on A to get the predicted value of f as 

> + - 5 ) 

Similarly, for a given value of ), the piedicted value of V will be obtained by using the 
regression line of A' on f, and will be given by 

Note that the regression lines can be used for prediction even when the given values x^, ory,, 
are not actually observed but are given otherwise 

The lines of regression obtained above are called the least squares lines of regression 
because they have been obtained by mmiinising the sums of squares 
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The words “least squares” are used to indicate this The words, “T on .\ ” and “\' on Y” are 
used to indicate that the regression line is to be used for predicting respectively the values of 
Y and of ,V, 

12.13 Calculation of Regression Cocrficients 

We have already seen that the covariance of A and Y is most easily and simply calculated as 


1 

/) 




and that foi the variance we should use the expression 



Hence, the calculation of the regression coefficients and should be made by using 
the expressions 


h 


I'j 





I 


n 




2 


n 


and 


h 







n 
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If these expressions are used, not only will the labour of calculation be reduced but also 
the computational and rounding off errors 
Example 12.19 


Consider the observations 

(1.2), (2, 4). (3. 8), (4, 7), (5, 10), 

(6. 5), (7, 14), (8, 16). (9, 2), (10, 20) 

for which the correlation coefficient was found to be higli (=0 61) We have 
I JC = 55, Jy=88, = 55, P = 8 8. 


Hence, 


and 


11x^= 385, ^.v^=II14, ^^=586 

55 X 88 


586 - 


h = 


10 


385 - 


55 X 55 
10 


102 
82 5 


= 1 24 (approx ) 


b 


■O' 


586 - 


1114- 


55 X 83 
10 

88 X 88 
10 


The regression line of Y on A' is 


102 

— = 0 30 (approx ) 


0'-88)=(l.24)(jr-55) 
or, V = l,24jr+ 1 98 

The regression line of A' on Y is 

(j:- 5 5) = (0 3)0^-8 8) 
or, jc = 0 3j/ + 2 86 

Using these regression lines the predicted value of), given that the A' -i value is 6,5, is“ 

y =(1 24) (6 5)+ 1.98 
= 10.04 

he predicted value of .V, given that the f’-value isl 9, is 


jc = (0.3) (9) + (2 861 
= 5 56 
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EXERCISE 12.2 


1 Draw the scatter diagram of the bivariate data of Example 12 19 and draw the lines of 
regression on it 

12.14 Relationship with Correlation Analysis 

As mentioned earlier, regression analysis, that is, the prediction procedure, makes sense only 
when correlation analysis has established the existence of a statistical relationship between 
the variables However, the relationship between correlation and regression analysis goes 
much deeper as we will now try to show 

We begin with the study of the amount of crior lesullmg from the use of the least squares 
lines of regression to predict the value of one vaiiabje from that of the other Suppose we are 
predicting the value of 1 Then the error of picdiclion is measured by the sum 

n 

X (.V, - a - hx, 

1 = 1 


of the squares of the differences between the observed values v, and predicted values a + hx^ 
of the variable )’ Using the values of a and h the measure of error is given by 

n 

1= 1 


-L 


■I 




y* 


Eo.,-; 


y ) -X ) 


= wcr +- 


{ Cov iX\ Y )}2 


Cov (A'. Y ) 


n<3, 


n Cov (A", Y ) 


= na , 


1 - 


Cov(.\. I')}^ 


{ Cov (A’, Y )}^ 


rr- 

a CT 


= nci^ (1 - p-). 

Thus we see immediately that the error of prediction, when the least squares line of regression 
is used, decreases as the value of the correlation coefTicient p approaches 1 or -1 It becomes 
zero when p is equal to 1 or -1, meaning thereby that the observed and predicted values of 
Y coincide As the value of p moves away from 1 or -1 towards 0 the error of prediction 
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increases The same is true when we are iisinj' the least squares line of regression to predict 
the value of A' In this case the error of prediction is given by 

na] (I 

We thus see that the value of the correlation coefficient p tells us something about the degree 
of error made when the least squares line of regression is used for prediction purposes, 


MISCELLANEOUS EXERCISE ON CHAPTER 12 

1 The marks obtained by 100 students m tests m Mathematics and Physics were as follows 
The first number in each order pair denotes marks in Mathematics 

(13,12), (5.11), (13.21), (21,29), (62,57), (54,58), (53,28), (58,19), (43,68), (31,28), 

(26,11), (18,32), (29,34), (37,21), (43,40), (54,17), (56,59), (61,29), (19,20), (8,7), 

(6,27), (28,22), (38,29), (70,68), (69,64), (62,34), (41,33), (27,19), (24,35), (8,13), 

(6.3) , (32,20), (29,17), (48,62), (63.23), (55.34), (23,39), (11,23), (11,19), (6,8), 

(37,29), (55,43), (57,36), (43,29), (26,13), (35,38), (17,14), (58,23), (54,36), (64,40), 

(7.4) , (20,18), (0,3), (28,19), (68,39). (34,37), (4.9), (3 1,20), (56,67), (48,39), 

(30,18), (52,18), (38,55), (14,18), (63.61), (30,27), (6l,37),(54,41), (30,37), (17,27), 
(32,39), (39,18), (43,27), (67,62), (31,38), (40 19). (28,9), (26,14), (97,95), (68,79), 
(88,68), (83,67), (72,38), (91,63), (93,69), (78,94), (92,57), (81,58), (73,40), (65,83), 
(79,84), (63,45), (93,48), (77,63), (76,62), (68,59), (74,59),(90,9G), (89,93), (21,18) 

(a) Present the data in the form of a bivariate frequency table dividing the Mathematics 
marks into 5 classes 0-25, 26-50, 51-70, 71-90 and 91-100, and the Physics marks 
into 4 classes 0-20, 21-40, 41-70 and 71-100 (Use the method of tally marks ) 

(b) Obtain the marginal distributions for marks in Mathematics and in Physics 

(c) Write down the conditional distribution of the students by marks in Mathematics 
given that the marks in Physics were at least 41 

(d) Find the conditional distribution of the students by marks in Physics given that the 
marks in Mathematics were between 21 and 70 

(e) How many students were there whose marks m Mathematics were at most 70 and 
marks in Physics were at Ifeast 41 ? 

(f) Find the number of students whose marks in Mathematics were between 26 and 
90 and marks in Physics were less than or equal to 40 
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2 (a)Calculate the value of the correlation cofficient for the following data 


(1,13), (2,23), 

(3,33), 

(4,43), 

(5,53), 

(6 63),. (7,73), 

(8,83), 

(9,93), 

(10,103), 

(11105), (12,11), 

(13,11 5), 

(14,12), 

(15, 12 5), 

(16 13), (17,13,5) 

(18, 14). 

(19,14 5), 

(20,15), 

(b) Draw the scatter diagram 



(c) Comment on the results 




The data below gives the values of (A, 1) for 

16 persons 

where A is the age in years i 

Y the weight in kilograms 




(25,55), 

(30,62), 

(30,61), 

(30,63), 

(35,67), 

(40,70), 

(40,71), 

(45,71), 

(45,72), 

(50,70). 

(55,67), 

(55,65), 

(55,68), 

(60,62), 

(60,61), 

(65,55) 

(a) Calculate the value of the correlation coefficient 


(b) Draw the scatter diagram 

(c) Comment on the results 




The data below gives the value of the annual sales (A) 
on advertising of a firm for the yeais 1972 to 1982 

and the annual expenditure 

Year X (Rs in OOO’s) 

Y (Rs in OOO’s) 

1972 



20 

1973 

34 


21 

1974 

40 


17 

1975 

27 


9 

1976 

17 


22 

1977 

36 


7 

1978 

19 


23 

1979 

38 


16 

1980 

23 


5 

1981 

1 1 


14 

1982 

21 


- 


(a) Calculate the value of the coiielation coefficient between annual sales aiu 
advertisement expenditure 

(b) Predict the sales for the year 1978 from the advertisement expenditure of 1978 and 
compare with the actual sales 
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(c) Calculate tlie coefficient of correlation between yearly advertisement expenditure 
and the annual sales in the succeeding year 

(d) Predict the sales for the year 1977 from the advertisement expenditure of 1976 and 
compare with the actual sales 


5 (a) If the values x aud,v, are transformed to and by means of the relations 

u = ax -\r h 

i I 

l' = C'V + il 

t I 

prove that 

pix, f) = /;((/, n 

(bt Find the relation between h and /i , and between h and h 

' ' j'j w ny 

6 Prove that 

b,, = 

7 (a) Find the angle between the regression lines of 1 on A' and V on 1 

1 

[Hint The slopes are h and-, j 

h 

Kr 

(b) From the above prove that there is only one regression line (that is, the two lines of 
regression coincide) if p {X, 5') = i 1 

8 Find Cov (A', )') between A', 1, if 


A' 

1 

2 

3 

4 

5 

Y 

2 

4 

6 

8 

10 


9 Find Karl Pearson’s coefficient of correlation between A' and 1 for the following data 


X 

2 


4 

5 

6 

Y 

4 

3 

2 

8 

10 


10, Find the regression coefficient between A'’ and )' for the following data 
2 = 24, S V = 44, 2 xy = 306, 2 = 164, 

2j^- = 574, N = 4 
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11 Out of the following two regression lines find the line of regression of 1 on X 

X + 2y ~ S — 0 
2.V: + 3v = 8 

12 For the following observations, find the regression line of 1' on A' in the form 

(x-x) 

= {(1, 7), (4, 5), (7, 2), (10, 6), (13, 3)| 

13 4a- + y - 10 = 0, 2jf + ~ 14 = 0 are two regression lines Find the correlation 

coefficient between A' and Y 

14 Estimate the two lines of regression by the least squares method for the following 


X 

1 

2 

3 

Y 

2 

4 

5 




CHAPTER 13 


Computing 


13.1 Introduction 

Current period is described by calling it the age of computers As days pass by, computers 
are being used in different walks of life Computer revolution is expected to make more 
lasting, all pervasive and widespread impact on human life and civilization. In your earlier 
classes you Iiave studied some aspects related to computing* Names of many mathematicians 
are associated with the history of development of computers and with the theories of computing 
Pascal, Leibnitz (who invented calculus independently of Newton), Charles Babbage, Alan 
Turing, John von Neumann are some of them. 

]3,2 Block Diagram of a Computer 

A computer has different components We represent these by blocks m a diagram and give a 
block diagram of a computer m Fig 13 1 

Major components of a computer, as shown, are (1) input unit, (2) memory (or storage, 
or random access memory), (3) output unit, (4) control unit, and (5) arithmetic logical unit 
(ALU) Some computers, in addition, have auxiliary memory in the form of magnetic tapes, 
discs, etc A computer is also called an information processing unit 

Information consisting of data and instructions is taken in by the input unit from the 
users and is passsed on to memory for storage and onward use ALU is the unit where all 
arithmetic and logical (e g companng two numbers to decide which one is bigger) computations 
are carried out For carrying out these computations there are registers in the ALU Users 
get all the computed results from the output unit Control unit, as the name suggests, is the 
one which controls the whole working of the computer by sending electronic command 
signals to other components of the computer Control unit and ALU taken together is called 
central processing unit (CPU) 

A computer may have more than one input and output units For example, printer and 
display screen are two different output units attached to the same computer 

Remark 

A present day computer is an electronic, digital machine in which stored-program concept is 
incorporated, An algorithm (in the form of a program written using a programming language) 


♦Students will lie benefiled by refenmg to Chapter 17, m Class DC book and to Chapter 12, m Class X book, m 
computing. 
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-> Flow of informarion 

-> Flow of Control Signals 


Block diagram of a cotnpuler 

Fig. 13.1 


and the data with which it is to be executed are both stored in the memory of a 
computer This was a revolutionary idea Credit of this idea goes to John von 
Neumann and Alan Turing Storing of algorithm in memory is necessary if a 
series of instructions is to be repetitively carried out Early machine ENIAC 
(Electronic Numerical Integrator and Computer) did not employ the stored-program 
concept in it In ENIAC only data was stored in a memory and the algorithm used 
to be in other outside panel Stored program concept is an integral characteristic 
of present day computers In today’s terminology, ENIAC is not a computer, but a 
calculator 

13.3 Memory 

Our aim is to see how we can use the computer to solve some problems For that 
purpose, It is useful to know a little more about main memory From the users’ 
point of view, mam memory can be thought of as a collection of compartments (or 
locations), as shown in Fig 13 2 Each compartment is assigned a number called 
its address (starting with zero as shown m the Fig 13 2) The total number of 
compartments gives us the size of the memory 
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0 

1 

2 

3 

4 












Mam memory as a coUcdioo of compartinoils (locaticms) 

?tg. 13.2 


0 - 1 2 



Bits m a manory locatiDii 
Fig. 13,3 

Each compartment of memory (as well as a register in ALU) consists of sub¬ 
compartments (See Fig 13 3) Each sub-compartment can store either a zero or a 
1 Any information to be stored inside a computer is put using zeros and I’s The 
digits 0 and 1 are called binary digits (bits in short ) The acronym bit is formed 
by taking the letter b from the word ‘binary’ and the letters i, t from the word 
‘digit' Similarly, we have the acronym dit for decimal digit, hit for hexadecimal 
digit, etc The number system that uses only two digits is called binary number 
system Computers use binary number system for computation. The computations 
in binary and other related i imber systems are discussed in the next section 

13.4 Number Systems 

In the number system which we use in our daily life (known as decimal system), 
we use ten basic symbols called digits namely 0. 1, 2,, ,9 and with the help of 
these 10 digits we are able to write any rational number. The decimal system is a 
place-value system, meaning thereby that the value represented by a digit depends 
upon the place of the digit within the numeral The values assigned to consecutive 
places in the decimal system are . ,10^ 10^ 10^, 10\ 10”, 10“^ 10"^^ 

(from left to right) Thus 

2742 35 = 2 ■ 10^ + 7 • 10^ + 4 ■ 10‘ + 2 ■ 10“ + 3 lO"! + 5 • 10"^ 
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As ten basic symbols are used for representing the numbers, ten is called base (or radix) of 
the system and the system is called ‘base-ten’ system or decimal system 

Binary Number System 

The number system for which the base is two is called the binary system In this system 
numbers are represented with the help of two basic symbols namely 0 and 1 The values 
assigned to consecutive places in the system are (when expressed in the decimal 
system), , 2'*, 2\ 2^, 2\ 2“, 2'*, 2'^, where 2® place is the units place The binary 
numeral can be converted into the decimal numeral and vice versa as illustrated below 

Example 15 1 

Convert (llOllOl)^ into decimal form (The 2 written by the side of the numeral as shown 
above indicates that the numeral belongs to the base 2 system When numeral appears 
without any indication of its base, by convention we take the numeral as a decimal numeral) 

Solution 

( 1101101)2 = 1 2^+1 2 ’ + 0 2 ^-+I 2^+1 22 + 0 2 ^ + 1 ■ 2 ® 

= 64 + 32 + 0+8 + 4+0+1 
= 109 


Example 13 2 

Convert 109 into a binary numeral 
Solution 

Divide 109 by 2 You get 54 as quotient and 1 as remainder Again divide 54 by 2 You get 
27 as quotient and 0 as remainder Continue the process till you have 0 as the quotient 
See the working below Write the remainders you get from bottom to top in a row from left 
to right This is the binary representation of 109 


109 = (1101101)3 


Example 13 3 

Convert (1011 lOl)^ into the decimal form 
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Sotuiwn 


(1011 101)^ =1'23 + 0 2^+1 2‘+l 2“+! 2-'+ 0 ■ 2-^ + 1 ■ 2-^ 

^8+0 + 2+l+l'(5) + 0-(25)+ 1 ( 125) 

= (11 625)^„ 

Note The point appearing between 1011 and 101 m the binary numeral is called the binary 
point, while the point in 11 625 is called the decimal point 

Example 13 4 

Convert 11 625 into the binary form, 

Solution 

When we have a decimal numeral having both integral and fractional parts, then we convert 
the integral part and the fractional parts separately You know how to convert 11 into binary 
form which is 1011 While converting the integral part we divide the given number and 
subsequent quotients by 2, To convert the fractional part, we will multiply the fractional part 
by 2 and obtain the product We take the integral part of the product out and multiply the 
fractional part by 2. We proceed in the same way until we get all zeros in the fractional part 
or till we get required number of binary digits The procedure for converting the fractional 
part is shown below 


0 625 

X 2 


1 ■ / 250 

^2 


0 •■ 0 500 

x2 


1 looo 


0,625 = ( 101)2 
11 625 =( 1011 , 101)2 
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Mote' It IS not necessary that the binary representation of a terminating decimal is also 
terminating as can be seen from the following example 

0 1 is a terminating decimal 
Let us convert this into binary system 

01 1 - 
2 

0 ■ 02 1 • 

X 2 


O' 04 O' 

X 2 


0 " 0 8 0 • • 
X 2 


Thus, the cycle continues 

(0 = (0,0001100110 • • • (non-terminating) 


1 6 
X 2 

1 2 
X 2 


0,4 

X 2 


0 8 


Octal Number System 

As the name implies this is base eight (2^) system The numerals are written with 
the help of eight basic symbols namely 0, 1. 2, , . ,7 The value (expressed in 

the decimal system) assigned to consecutive places are , 8^, 8^, 8*, 8“, 8"', 8"^, 

, where 8“ place is the unit’s place The procedures for converting a decimal 
numeral into an octal numeral and the other way round are similar to the procedures 
discussed in connection with binary system The following examples illustrate the 
procedures 

Example 13.5 

Convert (1632,23)^ into decimal form. 
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Solution 

(1632 23)g =1 X 83 + 6 X 8^ + 3 X 8* + 2 X 8“ + 2 X 8"' + 3 x 8’^ 

= ] x512+6x64+3x8 + 2x 1 + 2^(0 125) + 3 x(0 015625) 
= 512 + 384 + 24 + 2 + 0,250 + 0 046875 
= 922 296875 


Example 13 6 

Convert 922 296875 into octal system 


Solution 


We have to convert the integral part and fractional part separately 
below, 


a 1 922 A 

8 tils ■ 2 

a t~14 ■ 3 

8 ) I ■ • 6 

0 1 


0 296875 
_^ 

2 ■ • /375000 

X 8 

'' 3 XOOOOOO 


The procedure is shown 


922 296875 = (1632 23)j 

Hexadecimal System 

As the name implies, this is the base sixteen system The numerals are written with the help 
of sixteen symbols , namely 0, 1, 2, 3 ,4, 5, 6.7, 8, 9, A, B, C, D, E, F Note that the symbol 
A represents the number ten (in the decimal system) Similarly B, C, D, £, F represent 
respectively the numbers eleven, twelve, thirteen, fourteen and fifteen The values assigned 
to consecutive places are , , 16^, 16*, 16", 16"*, (expressed in the decimal system) 
where 16" place is unit’s place 

Example 13.7 

Convert {A2F into the decimal system 
Solution 

{AIFD)^^ X 162 + 2 X 16* + 7? X 16" + D X 

= 10 X 256 + 2 X 16 + 15 X 1 + 13 (0 0625) 

= 2560+ 32+ 15 + 0 8125 
= 2607,8125 


Example 13.8 

Convert 2607.8125 into hexadecimal system 
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Solutwn 


10) 

2007 



0 8125 

161 

162 

15 

(P) 

X 16 

101 

10 

2 




0 

10 

(A) 

13 0000 
13(D) - 


2607 8125 = (>12F, D ),5 

The conversions among binary, octal, decimal and hexadecimal systems play an important 
role in computers Since 2^ = 8 and 2'* = 16 each octal digit can be made to correspond to a 
three binary digit block and each hexadecimal digit to a four binary digit block The 
following examples illustrate this idea employed m the conversion from one numeral system 
to the other 

Example 9 

Convert (lOlOOll 100101 1)2 into (a) octal system and (b) hexadecimal system 
Solution 

(a) Starting from the right end of the numeral, group all the digits (as shown below) into 
blocks of three, appending some zeros, if necessary, on the left of the given numeral Thus, 
we have _ _ _ _ _ 

010 100 111 001 on 

(Note that one zero is appended) 

Replace each block (considering it as a binary numeral) by the corresponding octal di^t, 
So we get _ _ _ _ _ 

010 m 111 001 on 

2 4 7 1 3 

( 10100111001011)2 = (24713)g 

Explanation 

Why we group all the digits into blocks of three, will be obvious from the following 

010 100 111 001 011 =0 2 ^''+! 2*3 + 0 - 21^+1 2 ** + 0 2 *“ + 0 ■ 2 ® 

+ 1 ■ 2*+1 • 2'*+1 2 '’ + 0 - 23+0 2'*+1 ■ 23 + 0 - 2 ^+ 1 - 2 *+ 1 - 2 ® 

= [ 0 • 2^ + 1 2* + 0 2® ] (23)-* + [ 1 2^ + 0 ■ 2* + 0 • 2® ] {2^f 
+ [1 ■ 23 + 1 ■ 2* + 1 ■ 2® ] (23)3 + [ 0 23 + 0 2* + 1 ■ 2® ] (23)* 
+ [ 0 • 23 + 1 2 * + 1 - 2 ® ] ( 23 )® 

= [ (010)^ ]8^ + [ (100)^ ]83 + [ (111), ]83 
+ [(001),]8 *+[(011 ),]8® 

= [(010 )^10^ (111), (001), (011),], 

= [010 lOT TIT M 

= (2 4 7 1 3), 
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(b) Starting from the right end of the numeral,group each 4 digits into a block appending 
some zeros, if necessary, on the left end as shown Then, replace each block 1^ the 
corresponding hexadecimal digit 

0^ T^l im 

2 9 C B 

(loioon 100101 1)^ = (29C B Xg 


Note The reason for grouping all the digits into blocks of four, appending zeros at the left 
whenever necessary, is similar to the explanation given above In the case of octal system we 
made blocks of 3 digits because 8 = 2^ and m the case of hexadecimal system we made 
blocks of 4 digits because 16 = 2'* 

Example 13 10 

Convert (67025), into binary system 
Solution 

Replace each digit of the octal numeral by the corresponding 3> digit binary numeral 

6 1 Q 2 5 

no 111 000 010 101 

(67025), = (110 111 000 010 lOl)^ 


Example 13 11 

Convert the hexadecimal numeral ICFiA into the binary system 
Solution 

Replace each digit of the given numeral by the corresponding 4- digit binary numeral 

2 C F 3 A 
0010 1100 nil 0011 1010 

(2CF 3 A)^^ = il0 1100 nil 0011 1010)^ 


EXERCISE 13.1 

1 Convert the following binary numerals into decimal form 

(i) loonoon (u) iiononon 
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(ill) 11100011001 (iv) 101010101010101 

2 Convert the following decimal numerals into binary form' 

( 1 ) 182 (ii) 225 ( 111 ) 1000 (iv) 1024 (v) 1262 

3 Convert the following decimals into binary form 

(0 12 125 (II) 26 25 (lii) 39,625 (iv) 74 1875 

4 Convert the following binary numerals into decimals 

(1)101101 (11) 11011 (111) 1010 1011 (IV) 1111111 

5 Convert the following octal forms into decimal form 

( 1 ) 236 2 ( 11 ) 426 05 (iii) 324 11 (iv) 235 25 

6 Convert the following decimal numerals into octal numerals 

(i) 146 5 (ii) 267 25 (in) 438 125 (iv) 692,625 

7, Convert the following hexadecimal forms into decimal forms 
(i) B2F5 (ii) ABC 2 (iii) IC3 D (iv) 2AF A 

8 Convert the following decimal numerals into hexadecimal system 
( 1 ) 465 5 ( 11 ) 1046 25 (ill) 3465 125 (iv) 4246 625 

9 Convert the following binary forms into (i) octal form (li) hexadecimal form 

(i) 1010111010 (11) 11001101101 

( 111)1100110110111 (iv) 10100111010011 

10, Convert the following octal numerals into binary numerals 
(i) 247 (ii) 1527 (ill) 2064 (iv) 32321 

11 Convert the following octal numerals into binaiy numerals. 

(i) 2BCD (ii) A7DF (iii) ABCD in) ElBF2 

13.5 Computer Arithmetic 

There are two types of arithmetic Available in a computer They are 

1 integer arithmetic and 

2 real arithmetic or floating point arithmetic 

In mathematics 2 and 2 0 are the same. But in computer they are not considered to be 
the same In computer terminology 2 is an integer and 2 0 is real number If we instruct the 
computer to divide 7 by 2 (both being integers) it gives the anr.'wer 3 (the fractional part is 
lost) This is integer arithmetic On the other hand if we insiruct the computer to divide 7 0 
by 2 0 (both being real) it gives the answer as 3 5 This is called real arithmetic 

Binary number system is used to store and manipulate information inside the computer 
But for easier understanding of the computer arithmetic we shall assume in the following 
discussion that decimal numbers are stored and operated upon in the computer For this 
purpose, let us assume that we have a (hypothetical) computer and its memory location can hold 
only 6 decimal digits with additional pro ision for the sign (H- or -) You may note here that 
each memory location (or a register) of any computer can hold only a fimte number of digits. 
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One method of storing a real decimal number in our computer memory location is to fix 
the position of the decimal point and represent the number as shown in Fig 13 4 


4 

2 

0 

1 

3 

5 


1 " ^ 
sign assumed position of the decimal point 


Memory LocaUor 

Itg 13 4 

The real decimal number stored as shown m Fig 13.4 is 

+ 4201.35 

This representation is called fixed point representation since the position of the decimal 
lint is assumed to be fixed after 4 positions from left If we use fixed point representation 
above, the largest positive number that we can store in our computer is 9999 99 and the 
.nallest positive number is 0000 01 This range is quite inadequate for any computer 
problem solving So we adopt a different method of representing real decimal numbers 
which IS known as floating point representation 

What is floating point representation ? Let us take an example You can see that the 
number 123 768 can be writen in several forms, by adjusting the exponent, as shown below 

123 768 = 12 3768 x iQi = 1 23768 x lo^ = 12376 8 x 
^ 0 0123768 X 10“' = 1237680 x 10^, and so on 

Since we can ‘float’ the decimal point within the numeral, all these representations are 
called floating point representations of the same number 

The floating point representations of a real number has two parts, namely (i) mantissa 
part and (ii) the exponent part. For example, in 12 3768 x lo*, 12 3768 is the mantissa and 
1 is the exponent, in 0 0123768 x lO''. 0 0123768 is the mantissa and 4 is the exponent, m 
1237 68 X 10-1, mantissa is 1237 68 and exponent is -1, in 123 768, mantissa is 123 768 
and exponent is 0 As you have seen mantissa part and exponent part have their own signs. 

For storing a real number in a computer memory location, we use that floating point 
representation of the number in which mantissa is between 0 and 1 and its first digit is non¬ 
zero Such a floating point representation is called the normalised floating point representation 
of the number For example 1672 x lo^ is normalised floating point representation, 
while 01672 x lO'^ or 1,672 x are not normalised floating point representations The 
normalised floating point representation , 1672 x lo^ is written as 1672 A - 04, The number 
to the left of E is the mantissa and the number to the right' of E is the exponent. The 
number .1672 S' - 04 is stored in the computer memory location as shown in Fig, 13,5, 
Notice that the representation used in Fig. 13,5 is the normalised floating point representation. 
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- mantissa- 


* -exponent- 


+ 


I_ 

1 

sign 









1 

6 

7 

2 

1 

> 

_1 

0 

_ 1 

4 


^ implied decimal pomt | 

sign 


Memory Location 

Fie. 13 5 

Every floating point representation can be expressed as normalised floating point 
representation by adjusting the exponent For example 

0214 E 06 = 0214 x 10® = 2140 x lO’ = 2140 E 05 
3 264 £ 12 = 3 264 x 10'2 = 3264 x io>3 = ,3264 E 13 
26 752 £ - 04 = 26 752 X 10^ = 26752 X 10-^ = 26752 £ - 02 

As you can see, when we use normalised floating point representation, the range of numbers 
(m magnitude) that can be stored in our (hypothetical) computer will be 1000 x 10*^® t' 
9999 x 10*’®, which is obviously much larger than the range in the case of fixed poi 
representation 

Let us discuss how arithmetic operations are performed with normalised floating poii.. 
representations 

Addition 

The general principle for adding two normalised floating point representations is that their 
exponents should be made equal before adding them The details are explained through the 
following examples 

Example! 3. ]2 

Add 2642 £05 and 3781 £05 
Solution 

Here the exponents are equal So add the mantissas which gives the mantissa of the sum 
The exponent will remain the same as the exponents of the summends Thus 

2642 E 05 
+ .3781 £05 


6423 £ 05 
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Example 13 13 

Add 6321 E 08 and 5736 E 08 


Solution 


6321 E 08 
+ 5736 £■ 08 

1 2057 E 08 


= 12057 E 09 


In our computer there are only 4 places for the mantissa But now we have 5 digits So the 
least significant digit namely the last digit 7 is chopped off, leaving the mantissa as .1205, 
Thus, we get the sum as 

1205 E 09 

6321 £ 08 + 5736 £ 08 = 1205 £ 09 


Example 13 14 

Add 7643 £04 and 5231 £05 
Solution 

Here the exponents are not the same So we will retain the number with greater exponent as 
It IS and change the other number suitably so that the exponents of the two numbers become 
equal 


7643 £ 04 0764 £ 05 ,0764 E 05 

+ 5231 £ 05 + 5231 £05 ^ + 5231 £ 05 

5995 E 05 


Remark 

The reason why we retained the number with greater exponent as it is and changed the other 
suitably is as follows If we would have worked with the exponent that is smaller (namely 4 
in this example) the other number 5231 £ 05 would have required to be changed to 
5 231 £ 04 But mantissa of this being greater than 1, it can not be stored in our (hypothetical) 
computer This is so because the implied position of the decimal point is such that there is 
no place for storing any digit to its left 

Example 13 15 

Add 7132 £99 to 5643 £ 99. 
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Solution 

,5643 E 99 
+ 7132 £99 

(1 2775 E 99) -)• 1277 E 100 

Now our (hypothetical) computer catmot hold 100 in the exponent place as it has three 
digits. In other words the number that we got as the sum is larger than the largest number 
that can be stored in the memory location of our computer This condition is called an 
overflow condition The computer gives an indication of this condition, whenever it occurs 

Subtraction 

Subtracting a number is nothing but adding its negative So all principles for adding numbers 
hold for subtraction also The following examples illustrate the procedure 

Example 13 16 

Subtract 2734 E 05 from 6384 E 05 
Solution 

We note that the exponents of the numbers are equal Thus 

6384 E 05 
- 2734 E 05 

3650 E 05 


Example 13 17 

Subtract ,7216 E 05 from 2536 E 06 
Solution 

We note that the exponents are unequal. As in the case of addition, we will retain the 
number with larger exponent and change the other number suitably Thus 

7216 7? 05 = 0721 £'06 and 

,2536 E 06 2536 E 06 

- 7216 £05 - 0721 £06 

1815 £06 


Example 13 18 

Subtract 4624 £ - 12 from 4657 £ - 12 
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Solution 


4657 12 

4624 £■ - 12 

0033 £-12 


The answer is not m the normalised form Therefore, it is to be converted into normalised 
form 

0033 £-12= 3300 £-14 
Answer is 3300 £ - 14 

Example 13 19 

Subtract 5436 £-99 from 5570 £-99, 


Solution 


5570 £- 99 
5436 £- 99 

0134 £-99 1340 £-100 


(The answer is expressed in the normalised form) 


The exponent part of the answer has 3 digits and our computer has provision for it, In other 
words the answer we got is smaller than the smallest number that can be stored in the 
memory of our computer This condition is known as underflow condition The computer 
indicates this condition when it occurs 

Multiplication 
You know 

(ax W ) x(6x 10 ?) = a6 X iqp + 'i 

So, to multiply two numbers in normalised floating point representation (i) we multiply their 
lantissas to obtain the mantissa of the product and (ii) add the exponents to obtain the 
xponent of the product The final answer is given in the normalised floating point form 
he following examples illustrate the procedure 

Example 13 20 

Multiply 2642 £09 by 4125 £-04. 

Solution 


2642 X 4125 = 1089 8250 


Sum of the exponents = 05 


discarded 
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2642 £ 09 X 4125 £- 04= 1089 £ 05 


Example 13 21 

Multiply 4673 E 62 by 3423 E 41 


Solution 

In the resulting product the exponent would be 62 + 41 = 103 There is no provision in our 
computer to store 3 digits in the exponent place This signals the overflow condition 

Example 13 22 

Multiply 3654 E — 12 by 7342 £ - 43 
Solution 

In the resulting product tlie exponent would be -72 - 43 = —115 This signals the underflow conditioa 


Division 
You know 


a X lOf 

b X 109 


b 


100-9, (fe^O) 


So, to divide one number (first number) by another number (second number) (i) divide the 
mantissa of the first number by the mantissa of the second number to obtain the mantissa of 
the quotient and (ii) subtract the exponent of the second from the exponent of the first to 
obtain the exponent of the quotient Finally the cjuotient is given using the normalised 
floating point representation 


Example 13 23 

Divide .4267 £ 15 by 2437 £ - 02 


Solution 


4267 

2437 

4267 £ 15 
2437 £ - 02 


= 1 7509 23266 = 1 7509 

= 1 7509 £ (15 + 2) 


= 1 7509 £ 17= 1750 £ 18 


Subtraction m Integer Arithmetic 

How subtraction is earned out in integer anthmetic is interesting to note To subtract b fiom 
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a, the computer finds the complement of b, adds it to a and makes some adjustments m the 
result obtained We will see how this is done through some examples 
By direct subtraction, we have 

43012613 
^ 738047 

42274566 

Let us understand what is meant by complement of a digit There are two types of 
complements of a digit, the 9’s complement and the lO’s complement The 9’s complement 
of 2,Ts 9-2, i,e 7 The 9’s complement of 4, 0, 6, are 5, 9, 3 respectively The 9’s 
complement of a number is obtained by replacing each digit of the numeral by its 9's 
complement For example, the 9’s complement of 72601 is 27398, 

We have seen above that when we subtract 738047 from 43012613 we get 42274566, 
Let us see what we get when we add the 9’s complement of 738047 to 43012613 In this 
process, we will first make the number of digits in the minuend and subtrahend to be equal 
by wnting zeros to the left of the subtrahend. In this example the minuend has 8 digits and 
the subtrahend has 6 digits. So we write the subtrahend as 00738047 The 9’s complement 
of 00738047 is 99261952 Let us add this 9’s complement to 43012613 

43012613 
+ 99261952 

142274565 

In the result there is an extra digit namely 1 at the extreme left Remove this digit from that 
place and add to the number left out We get 42274565 + 1, i e 42274566, the same number 
that we got as the result of direct subtraction 

Subtraction using 
9's complement 
43012613 

+ 99261952 (9’s complement) 

I—•.'y:42274565 
+ 1 

-> 42274566 

The lO’s complement of a number is obtained by finding the 9’s complement and 
adding 1 to it The lO’s complement of 00738047 is 99261952 + 1 i e . 99261953 Let us 
see what we get by adding this lO’s complement to 43012613 

43012613 
+ 99261953 

142274566 


Direct Subtraction 

43012613 

00738047 

42274566 
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Delete the extra digit 1 on the extreme left You get 42274566, which is the same number 
that we got as the result of direct subtraction 


Direct Subtraction 

43012613 

00738047 


Subtraction using 
Id’s complement 
43012613 
+ 99261953 


42274566 


p- :'l;42274566 

delete 


The process of subtraction using addition of complement as explained above holds in all 
base systems In the case of binary system, we have to take the I’s complement or 2’s 
complement The I’s complements of the binary digits 0 and 1 are 1 and 0 respectively So 
the I’s complement of a binary numeral is simply obtained by changing the zeros into ones 
and ones into zeros. It is vety easy to implement this conversion in a computer That is 
why subtraction is carried out in a computer using addition of I’s complement or 2’s 
complement The 2’s complement is obtained by adding 1 to the I’s complement 

The following example illustrates the process of subtraction using I’s / 2’s complements 

Subtraction using 

Direct Subtraction 1 's complement 2's complement 


11110011010 

11110011010 

11110011010 

00011011101 

+ 11100100010 

iiiooioooii 

11010111101 

1- .1:11010111100 j 

— ^i-iioioiiiioi^^ 


+ 1 

->•11010111101 

—> (delete) 


EXERCISE 13.2 

1 Express the following in floating point representation with exponent 3 

(i) 123.56 X lO'i (11) 12 365 x 10^ 

(ill) 1235,6 X 10-^ (iv) 123 56 x IQ-^ 

2 Express the following in floating point representation with mantissa equal to 52.463 

(i) 5246 3 X 102 (-„) 5 2453 x IQ-^ 

(lii) 52 463 x IQ-^ (iv) 52463 x IQ-^ 

3. Express the following in normalised form of floating point representation' 

(i) 1 24365 X 10'' ( 11 ) 12 4365 x 10« 
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(ill) 0124365 X 10® (iv) 000124365 x 10« 

4 Find the sum in normalised floating pKJint representation 

(0 23452 £ 07 + 3 1065 £07 

(ii) 74315 £ 10+ 56231 £ 10 

(111) 41362 £ 05 + 51321 £ 05 + 42121 £ 05 

(iv) 38756 £- 02+ 74387 £-02+ 63843 £-02 

5 Find the sum m normalised floating point representation 

(i) ,436527 £ 05 + 274356 £ 07 

(ii) 623543 £ 04 + 578132 £ 05 

(in) ,246712 £ 04 + 147238 £ 03 + 413895 £'05 
(iv) 467342 £- 01 + 963856 £01 + 453218 £01 

6 Find the difference m normalised floating point representation, 

(i) 642752 £- 03 -,374804 £-03 

(ii) 824631 £ 06- 743215 £06 
(lii) 543846 £ 10- 542195 £ 10 
(iv) .653172£- 05 - 589185 £-05 

7 Find the difference in normalised floating point representation, 

(I) 471255 £07- 853196 £06 

(II) 583904 £ 10- 678542 £08 

(ill) 674235 £- 04- 265281 £-05 
(iv) 164523 £- 06- 849138 £-08 

8 Find the product in normalised floating point representation 

(i) 2341 £ 05 x 3061 £01 

(II) 3152 £- 02 X 1010 £ 04 

(III) 4125 £ - 02 X 2121 £ - 03 

(iv) 5125 £- 01 X 4021 E 02 

9 Divide 

( 1 ) 6712 £ 10 by 2643 £04 

(ii) 4396 £05 by 3512 £-02 
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(ill) 6123 £-07 by 2132 £-03 
(iv) 8642 E 02 by 2562 E 02 

10 Subtract using the 9’s complement 

(i) 4675214-2134527 

(n) 3529723 - 496713 

(lii) 674235 - 58231 
(iv) 4501952- 8567 

11 Subtract using the ten’s complement 

(i) 374813 - 143956 

(ii) 5439852 - 26839 
(lii) 758324- 64925 
(jv) 4936852 - 49245 

12 Subtract using I’s complement 

(i) 10110011101-11101011 

(11) 110011101010- 10110011 
(hi) 1011001100011 - 1010110111 
(iv) 110011011101101 - 1010110011 

13 Subtract using 2’s complement 

(i) 10100111001 - 1101011 

(ii) 1100110100101 - 110011011 
(hi) 1111001001001 - 11001111 

(iv) 110110110110111-1011001101 

13.6 Algorithm 

Computer, as everybody knows, is used to carry out computations As we generally understand, 
a computation involves additions, subtractions, multiplications, divisions, finding powers and 
roots of numbers, etc These are all what are known as numeric computations, i e those 
involving numbers In the context of computers, the word computation is to be understood in 
a broader or extended sense A computer can be used to sort out a given list of names of 
persons,in an alphabetical order This type of work is called a non-numeric computation In 
early years after the computers came into being, they were predominantly used for numeric 
computations associated with solving equations, etc, Over the years since then, the mix of 
the type of work computers do has changed so much Nowadays computers are employed 
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more for non-numeric computation 

How should we get a computation — numeric or non-numeric — done by computer ') 
We have seen m earlier classes that whether a problem is small or big, simple or complicated, 
we think about it and come up with a systematic step-by-step procedure which, if followed 
meticulously, will lead us to solution of the problem. A technical term for a step-by-step 
procedure is algorithm In development of algorithm, sequence, selection, and repetition 
(or iteration) play an important role We shall study these aspects of an algorithm now, 

Sequence 

Suppose that we want to find the value of the expression + Aab + for given values of a 
and b Algorithm (i e step by step procedure) for achieving this will consist of steps 
given in Fig 13 6 to be carried out one after the other 


1 get the value of a 

2 get the value of b 

3 Calculate a^, call it S 

4 Calculate 4fl6, call it T 

5 Calculate b^, call it V 

6. Find the sum iS + r+ F, call it A/ 
7 Write the value of Af as answer 


Steps of on alganthmto evaluate rf + 4ab + b^, 
givoi the values o[ a, b 

Fig 13 6 

This algorithm, you will agree, is very straightforward, consisting of simple steps which 
are to be carried out one after the other We say that such an algorithm is a sequence of 
steps, meaning that 

(a) At a time only one step of the algorithm is to be carried out 

(b) Every step of the algorithm is to be carried out once and only once, none is repeated 
and none is omitted. 

(c) The order of carrying out the steps of the algorithm is the same as that in which they 
are written 

(d) Termination of the last step of the algonthm indicates the end of the algorithm 

Here afterwards we shall follow the convention that (i) the successive steps in a sequence 
' written on successive lines and hence (ii) steps will not be necessarily numbered as 
1 in Fig 13 6, 


0 appreciate that an algorithm which is-completely composed of only a sequence. 
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Will not be sufficient to solve atiy type of problem. For example you know the definition 
of I r I when is a real number. The definition is 

I I _ ( jc if jc > 0 
|-Jt: ifjir<0 

Now suppose that we want to write an algorithm to obtain the value of 1x1, knowing x It 
will be as in Fig. 13 7 


1 get the value of x 

2 ifx>0 

then required value is x 
else required value is -x 
3, write the required value obtained. 


Alftontlim to obtain va]uc of I i I, j: real 

ng. 13.7 

Thus, we have provided the person or computer that will execute the algonthm with an 
ability to choose the step to be carried out depending on the circumstance of x being either 
non-negative or negative This ability is called selection It is extremely useful for writing 
non-trivial meaningful algorithms The power of selection is that it permits that different 
paths could be followed, depending on the requirement of the problem, by the one who 
executes the algorithm. 

In Fig 13 7, selection is expressed by using the special words if, then, else. Further all 
that IS written using these special words constitutes one step; viz step 2 in Fig 13 7 Note 
the way it is wntten without anything appearing below the word if till that step is over This 
IS known as indentation. The words if, then, and else being special are underlined while 
writing by hand and are written in bold face (m printing) The words then and else come 
with exactly same indentation with respect to word if 

The algonthm in Fig 13 7 is a sequence of 3 steps, the second step is of selection type 
Any algorithm will be a sequence of steps; some of its steps may be of .selection type You 
think over aijd you will realize that it is impossible to write an algonthm of any significant 
practical use without having steps of selection type At the same time, just sequence and 
selectioh is not sufficient ,We show this in an example in next section 

Iteration ot Repetition 

Example 13 24 

Wnte an algorithm to find the first prime number greater than a given positive integer 
Solution 

A little thought will tell you that a possible step-by-step procedure to achieve our objective 
will be one given in Fig 13 8 
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consider the given integer 
add I to It j 

test new number for primeness I S 
if it IS prime ) 

then write it down 

else add 1 to it ! 

test new number for primeness | 
if it IS prime ‘V 

then write it down ) 

else add 1 to it i 

test new number for primeness I ^ 
if • 

_ 1 ^:_ 


Al^sonthm for fbidmg the tlisl prime ^eatcr thaa a given positive integer 
Fig 13.8 


Tins shows that we need to repeat certain steps before algorithm terminates after giving 
an answer This is techmealiy known as iteration or repetition The way of writing adopted 
in Fig. 13 8 presents a difiBculty It is not at all clear as to how many times we should write 
the same set S (indicated at right in Ftg 13 8) of instructions so that the whole collection of 
instructions will give the required answer. The number of tunes S has got to be repeated will 
depend on the given number The difficulty faced here is resolved by introducing a way of 
writing ireration in algorithms The algorithm in Fig 13 8 is wntten as shown in Fig 13 9 


consider the given number 

repeat 

add 1 to It 

until 

the new number is prime 

write 

the new number 


or 

consider the given number 
add 1 to it 

while 

the new number is not prime 
do add 1 to it 

write 

the new number 


Two different ways of writing iteration occuoing m Fig 13 8 

Its 13.9 

Just as selection m an algorithm was expressed using the words if, then and else, the 
leration (i.e repetition) in an algorithm is expressed using either the pair of words repeat 
and until or the pair of words while and do Note the indentation used while using any of 
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these pair of words Study carefully the difference between the uses of repeat-until pair and 
whi!e-do We shall talk more about them a little later 

Remarlcs 

We have taken very simple examples Algorithms written above are straightforward and 
easily understood Mam purpose there has been to show how we need these three aspects, 
VIZ' sequence of steps, selection of steps and repetition of steps in any worthwhile algorithm 
Ill fact, we do not need anything else than these 3 basic operations for any algorithm, 
howsoever complicated or difficult Bohm and Jacopim have proved a very profound theoretical 
result that if an algorithm exists to solve a problem, then it can always be expressed using 
only if-then-else constmct, while-do construct and a sequence of steps Even though these 3 
constructs are sufficient theoretically to develop any algorithm, we shall use repeat-until 
construct (introduced above) and a for construct (to be intioduced later) also to make the 
task of writing an algorithm more straightforward, easier and pleasant 

In our algorithm we shall also use the woid comment Whatever follows after this word 
comment m that step of an algorithm is only by way of explanation This is meant to 
facilitate understanding of the algorithm while reading it Wlule executing the algorithm 
this comment statement has no effect or plays no role and is ignored You are encouraged to 
write these comment statements to make the algorithm readable But be brief m what is 
written after the word comment 

13,7 Variable Name or Identifier 

You are familiar with the concept of a variable You have been using single letters (capital 
or small) like x, y, X, Y to denote a variable By combining the variables with operations 
we get expressions like xP- + 2x - 9, XY + 6 When we use symbols like jc or 7 to denote a 
variable, we shall alternatively say that x is the name of one variable, Y is the name of 
another variable and so on Thus, we shall call x, Y, X as variable names. We also use 
meaningful variable names For example, in the formula 

J=PTR (13 1) 

I stands for Interest, P for Principal, T for Time in years and R for Rate of interest Thus 
instead of writing the formula as w = xyz and saying that w, x, y, z respectively stand for 
interest, principal, tune and rate of interest, we use the formula (13 1) in which first letters 
of the words Interest, Principal, Time and Rate are chosen to indicate the variable names 
Such variable names are easy to remember and are known as mnemonic variable names 
Incidentally, recall from Chapter 19 from Class XI book that while writing algorithms for 
computers we write formula (13 1) as 

1=P*T*R 

using * for multiplication sign which is explicitly written every time 

A variable name identifies a certain variable. For example , in formula (13 1), variable 
name 1 identifies the interest, etc Hence, the term identifier is used synonymously with the 
term variable name. 
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In mathematics, generally single letters like x,y, /, /*, T are used as variable names Bui 
sometimes in order to convey a given situation in a better way, it has been tlie practice to use 
mote than one letter for a single variable name For example, you know thaf Ax is used as a 
variable name to denote the increment in the value of x Especially in the area of computing 
It IS found convenient and, hence, it has become customary to use more letters to denote a 
variable name For example, we shall prefer to write formula (13 1) as 

INT = PRIN * TIME ^ RATE (13 2) 

where variable name INT is used for interest and so on for other variables in the formula 
One can use INTEREST as well instead of INT You will agree that form (13 2) brings out 
more vividly the variable names than form (13 1) As another example, instead ofjustj, u 
would be better to use ‘spaed’ or ‘spd' as variable names for the variable speed Such 
choice of variable names convey, by siglit itself, the variables for which these names stand 
Hence, such vanable names are called mnemonic variable names as mentioned earlier, NUM, 
DEN can be used as mnemonic variable names for numerator and denominator respectively 
We advice you to use meaningful mnemonic variable names Dictionary meaning ot 
“mnemonic’'' is “easy to commit to memory” 

13.8 Assignment Operation 

While writing algorithms or flowcharts, many times we are required to assign a value to a 
variable For example, see the step 3 in Fig 13 6 There we say “calculate and call it 
.9 ” This means the variable .S' is assigned the value We shall write this symbolically as 

S*-a^ .,(133) 

Similarly, we may like to give value 1 to vanable N in the beginning to start keeping count 
We shall write it as 

Ni-\ . . (13,4) 

If we want to give value 20 to a variable x. we shall write this instruction as 

X <- 20 , . (13 j) 

Thus, assigtimenl is an operation and we use <- as an assignment symbol. 

'x 20' is read as ‘x becomes 20’ meaning thereby that the value of variable x becomes 
20 at that stage of the algorithm or flow'chail at which this statement is written. When this 
statement or instruction is executed by a computer (i) it chooses one memory location, 
(ii) puts 20 m that memory location, and (iii) that memory location is given a symbolic 
address x That memory location always has its permanent numerical address. When this 
instiuchon is earned out that permanent numerical address is symbolically identified asx 
and is referred to as such by x in later portion of the algorithm or flowchart After the 
execution of the instruction x <- 20, the contents of this memory location (with symbolic 
address x) becomes 20 
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We shall always (i) write an arrow with its head pointing towards left, (n) write the 
variable name on the left side of arrow head, and (in) write the value assigned to the 
variable on the right side of the tail of the arrow 

Very important rule to be remembered and followed while using assignment symbol <- 
is the following Only a single variable name should appear on the left side of the head of the 
arrow, no expression involving addition, multiplication etc should appear there Thus, writing 

x^ + x <r~20 (13 6) 

IS not allowed and will be considered as wrong and meaningless usage On the other hand 
one can have an expression involving addition, multiplication etc on the right side of the 
tail of the arrow. Thus, we can write 

.V'(-10-2 . (13 71 

In such a case, the expression on the right hand side is evaluated and its value is assigned to 
the variable name appearing on the left So m (13 7), the variable ,v is assigned the value 8 
A statement [such as (13 3), (13.4), (13 5), (13 7) but not (13 6)] which uses assignment 
symbol <- following above-mentioned rules is called an assignment statement 

Suppose we have the following as two given consecutive assignment statements in an 
algorithm 

/V-<-3 

M + AT- 1 

You can see that both these are perfectly valid assignment statements as per niles laid down 
above. How are these statements executed 7 First statement assigns (gives) the value 3 to 
the variable N With this value assigned, the second statement can be executed. First, riglit 
liand side - 1 is evaluated (with N being 3 now) to be 3^ + 3 - I = 11 and M is 

assigned this value 11 

13.9 Assignment Symbol to Keep Count 

While giving a method of solution to a problem, we may not know beforehand, as to how 
many times a certain action is required to be performed (We have come across such a 
situation in the algorithm given in Figs 13 8 and 13 9) But we may like, or sometimes 
need, to keep count of the number of tunes that action is repeated Value of the variable, 
used to keep this count, could be zero to start with and its value can be made to increase by 1 
each time we repeat that action Suppose N is the variable name that we use to keep this 
count Then we use the assignment statement 

V<-0 .(13 8) 

to set the count at zero to start with Variable name N will continue to indicate- the count 
even when its value gets changed by increment. The new value of V will become (old value 
of A + 1) every time we repeat the action This can be written as 


N ^ N -\‘ 1 


(13 9) 
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and read as 'N becomes + 1’ As we first evaluate the right hand expression in aj 
assignment statement, (13.9) indicates that ‘ 1 is added to current value of N and that is taken 
as new value of N ’ 

Remember that variable name A has a memory location associated with it The symbolic 
address of that location is N The content of that location is zero when (13 8) is executed 
When (13 9) is executed first time after (13 8) contents of tliat location becomes 1 So value 
zero of N put earlier in that memory location is erased and 1 is put in it Pictonally when 
(13 8) is executed we have 

N 


0 


Memory location with symbolic address N 
after execution of W 0 

ng. i3.to 

When (13 9) is executed first time, same memory location will look as 

N 


1 


Memory locoUon with symholio addrcsi'; 
after execution of N ^N+ \ first time 
Pig, 13.11 

When (13 9) is executed second time, same memory location will look as 

N 


2 


Memory locaticn with symbolic address JV 
after execution of (13 9) secondtime 

Fig. 13.12 


ou may feel that we can write assignment statement as ‘x = 20’ rather than 
/’ But then, when we waht to increment the current value of W1^, say 1, we would 
red to write JV = A + 1 which is absurd mathematically as it implies ‘ 1= 0 ’, So it is 
jOle not to use symbol ‘= ’ as assignment symbol Use of is, therefore, introduced 
It may be mentioned here that in the programming language FORTRAN ‘= ’ is used fu 
1 assignment symbol ‘ = ’ is a standard universal symbol for equality, So a new symbol 
.or equality had to be invented for users of FORTRAN. It is unfortunate to use an existing 
Tndard, well established and such a well-known symbol for equality for something different 
n try to invent a new symbol for equality. This has been corrected m newer and 
'graraming languages by keeping ‘ = ’ for equality and using different symbol fw 
In this light, we shall use only as an assignment symbol 
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13,10 A Pseudo Language 

The languages used by human beings for talking and writing among themselves are called 
natural languages. Thus English, Hindi, Tamil, German, Swaliili etc are examples of 
natural languages Expression in a natural language can be ambiguous You can appreciate 
this by seeing that different meanings can be attached to the statement ‘They are flying 
planes” In one meaning the word ‘they’ refers to the objects in the sky and ‘flying’ is an 
adjective of ‘planes’ In that case the statement conveys certain objects are planes that are 
flying (and not grounded planes) In another meaning the word ‘they’ refers to persons arid 
‘flying’ IS a present continuous of verb ‘fly’ In that case the statement can be taken as an 
answer to a question “What are these persons doing ?” 

Computer, being a machine, requires that there should be no ambiguity at all when we 
give instructions to it Therefore, it is required that we express our algorithms in precise and 
unambiguous language Languages used to communicate with a computer are known as 
programming languages as contrast to natural languages meant for communication among 
humans. Every computer has its own language known as machine language You must have 
heard the names such as FORTRAN, PASCAL, COBOL These are called high level 
programming languages We do not want here to study a particular programming language 
as we do not want to get bound by its limitations and drawbacks Our aim is to be able to 
wnte the algorithms to solve different problems We shall like to express an algorithm in a 
language which is somewhat like English (as we are doing our study of this subject using 
English) and uses symbols and constructions wfluch are characteristics of a good programming 
language. 

We shall use meaningful mnemonic vanable names (discussed in Section 13.7), assignment 
symbol <- (discussed in Sections 13 8 and 13.9), constructions employing if-then-else, 
repeat-until, while-do (introduced in Section 13.6) and other constructions employing word 
for (that will be introduced later) for wntmg an algorithm We shall also require instructions 
to input data in an algorithm as well as instructions to output computed results from an 
algorithm We shall introduce these below in this section. All these will constitute our 
language to present any algonthm This language will not resemble in toto with any actual 
existing programming language but will have desirable characteristics of a good programming 
language (and hence we are using it) We shall call it a pseudo language . 

Input- Output Instructions 

We shall use the word get to have an instruction to fetch values of the variables. Thus 

in an algorithm means the values of the variables x and y are obtained and are available, 
for the remaining part of the algorithm, to operate upon This further means that the 
numerical value of the variable x is put in a memory location and that memory location is 
given the symbolic name x , and similarly for vanable y 
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get name 

m an algonthm means the value of the variable name ‘name’ is obtained and will be 
available to the remaining portion of the algorithm Value of the variable name ‘name’ 
could be‘RAM’or‘GEETA’etc (if we are dealing with the names of personsl or 
‘DELHI’,' MADRAS’ etc i(if we are dealing with cities) Remember that we are using 
meaningful variable names, otherwise variable name ‘name’ could be used for a numerical 
variable which can assume a value like 4 or 20.7 

Suppose a variable ‘inf has value 3.S The instruction 

get lilt 

will obtain, for algorithm the value 3.8 of the variable int, put it in a memory location and 
give that memoty location a symbolic name int (See Fig 13,13). 

int 


Monory localicn wilh symbohc name anil value lU il 
after 11] c exccutim of mstiudioa gd ait 
Rg, 13.13 

Similarly, we shall use the word output to have an instruction to obtain the results 
worked out by an algorithm Thus, the instruction 

output 

means the value of y (in other words contents of the memory location with symbolic 
address y) will be obtained as an answer or result When we work with a computer, effect of 
this instruction will be that the value ofy (i e contents of memory location with symbolic 
address y) will be prmied or displayed on screen depending on which output medium is used. 

Whatever is put in quote marks in front of the woid output in the instruction is put out 
(pnnted or displayed) verbatim, For example, suppose value of variable p is 37 Then the 
instruction 

Output answer -p 

when executed, wiill put out (print or display) 

answer = 37 

Hms of Figs, 13.6, 13,7, 13 9, when written in pseudo language will look like 
Figs, 13 14.13 15,13 16 respectively 

get a.ft 

T <r-^ab 
V<^b^ 

Mi^S+T+ V 

output M 

Ugorilhm of Fig. 13 6 written m pseudo language 
Rg. 13,14 
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getjc 
Ifjc kO 

then recpiired value <- x 

else required value <- x 

output required value 
— 

Algorithm of Fig. 13 7 writtm lo pseudo htfguage 

Elfr 13.1S 


get 7J 

comment n is the given positive integer 
repeat 

M W + 1 

test n for primeness 
until n IS prime 
output n 

or 

getn 

comment n is the given positive integer 

M <— 71 +1 

while n is not prime 
do n <-17 + 1 
output n 

Algonthm oF Fig 13 7 written m pseudo langungc 
Fig. 13.16 


EXERCISE 133 

1. Improve the algorithm of Fig 13 16 to find the first prime greater than a give 
integer. (Hint All pnmes except 2 are odd numbers Then why increa 
always ?) 

2. Write an algorithm to find first prime greater than a given integer, 
positive, negative or zero, (Hinf First prime number is 2.) 

3 What does the following algorithm do ? 

getj: 
if x> 0 

then output “sq root will be real” 
else output “sq root will be i^nagiiiaiy” 
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4, Write an algorithm to find profit or loss given selling price, cost price and number of 
Items sold 

5 Write an algorithm to declare whether the roots of + c = 0, a o will be real 

or complex 

6 ^ IS given number greater than 1 We want to find its square root within the accuracy 

of E by method of Successive bisection- is taken as starting approximation, 
Complete the following algorithm to achieve our goal 

get A, £ 

LEFT^O 

RIGHT 

(LEFT+BIGIJT) 

je ^ - 

2 

while loi? - A |> e 


7. Complete the following algorithm to add two matrices A and B 

getAfB 

Comment size of A, Bism x n 
tor I == 1 to w 
do for j = 1 to w 
do. 

8, Write an algorithm to find n i for given n. 

9 Write an algorithm to find "C^ using the formula 

n ! 

"C = - 

rlCn-i*)! 

10 Write an algorithm to find using the formula 

^ n(H-l) (n-2)...(n-r+l) 

' r! 

19,11 Formal Explanation of Constructs 

We have already seen the use of if-then-else, repeat-until and while-do constructs and have 
understood them intuitively, That is good in the beginning Now here we shall give little 
more formal explanation of them, discuss some of their other aspects and introduce another 
mstruct, viz. for construct. 
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If-Then-Else Constnict 

We have seen in the algorithm given in Fig 13 7, the use of tlus constnict The general 
form of this construct used to provide selection of actions is 

if condition 
then step 1 
else step 2 

When an instruction using this type of construct is executed, condition determines 
which of step 1 and step 2 is to be executed If condition is true, step 1 is executed; 
otherwise (i. e if condition is not true) step 2 is executed. This interpretation is obvious 
ftom the form of the construct. 

A special case of this construct does not have the word else and as such has the general 
form: 

if condition 
then step . 

Obviously, when this form is used no action is taken when condition is false, and step 
is executed when condition is true We need this form sometimes, We shall have examples 
of this situation tp the sequel. Thus 


if condition 


if condition 

then step 

and 

then step 



else do nothing 


are equivalent constructs. 

Example 13 24 

Write an algorithm to decide whether the square root of a given real number will be real or 
imaginary, 

Solution 


get* 

comment * is the given real number 
if X £ 0 

then output “ sq. root will be real ” 
else output “sq, root will be imaginary ” 
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Repeat-Until 'Construct 

We used this constnict in the algontlim given in F'lg 13 9 The general form of tins 
construct, used when repetition of certain actions is required, is 


repeat 

portion of algonthm 

until 

condition 


When an instruction using this type of construct is exeaited, the portion of the algorithm 
(call it ) appearing between the words repeat and until is to be executed again and again 
until the condihori mentioned after the word until is true Fust S is executed; then the 
condition is tested. If the condition is true, the execution goes ahead with the algonthm 
spearing after the word until; if the condition is fjEilse, again S is executed and then the 
condition is again tested, and so on Every execution of S modifies some variables m the 
algorithm and eventually after some repetitions, the condition becomes true Thus, execution 
of the construct repeat-until is completed and the execution proceeds to the portion appsanng 
after the word until. 

Example 13.25 

A number k is known to be present in a finite sequence A of numbers A (1), /I (2), are 
the successive members of the given sequence A Write an algonthm to find which member 
of/I equals/c 

Solution 


get A 
n ■<- 0 

comments keeps count 
repeat 

n <-ii +1 
until A {n) = k 

output “k occurs as member number ”, n “ of sequence A ” 


While-Do Construct 

We saw the use of this construct, in the algorithm of Fig 13,9, as an alternative to the 
repeat-until construct The general form of this construct, which is also used to provide 
repetition of instnition, is 


while 


condition 
do T 
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where T is a set of iiistnsctions, WJien this construct is executed, condition is evaluated 
first If the condition is tnie, the set T of instructions is executed, and then the condition is 
evaluated again and so on; if the condition is false, execution of T is skipped and the 
execution of algorithm proceeds with the portion that would appear after T Thus, condition 
is tested again and again till it is false Every execution of T modifies some variables in the 
algorithm and eventually after some repetitions, the condition becomes false This completes 
the execution of the whiic~do construct and the execution proceeds to the portion appearing 
after T 

You can notice that when while-do construct is used, T may not get executed even once 
This happens when the condition is found not true at its first evaluation itself On the other 
hand, iti the use of repeat-untii constnict, the portion of the algorithm between repeat and 
until will be executed at least once Second point worth noticing is that the execution of 
whilc-do construct is over when the condition therein is found false, on the other hand the 
execution of repeat-untii construct is over when the condition therein is found true I’hus, 
these two constructs have duality iii their form and natuie Thus 


repeat 

and - 

s 1 


while ~ B 1 

1 until B 


do 5 ) 


are equivalent, ~ B stands for negative of B. 

Example U 26 

Write an algoiithm to go on halving a given number x until it becomes less than 1 

{Hint Note tliat the given number x may itself be less than 1 in wliich case nothing is 

expected to be done) 

Solution 

get a: 

while X ^ 1 

X 

dOJT 4- — 

2 

For Construct 

We have seen that B'cpeat-until and while-do constructs are useful whenever iteration or 
repetition of steps is to be introduced in an algorithm. At the same time m using these 
constnicts one need not be aware beforehand as to how many times a certain portion of the 
algontiun is to be repeated For example, notice m Example 13.25, that the number of 
repetitions will depend on which member of squence equals k and will not be known until 
after the execution of complete algorithm. Similarly, in Example 13 26, how many times x 
will be required to be halved will depend how small or big x is to start with. In some 
practical problems, however, we may know, at the beginning of the algorithm itself, the 
number of times a certain portion of instructions is to be repeated For example, suppose we 
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want to add first ten positive even integers This means we want to obtain the sum 
2 + 4+6+8+10+12+14+ 16+18 + 20 
The algorithm for this can be written, using repcat-untBl construct, as follows 

sum <- 0 
1 

comment variable sum is initialized to zero and 7 keeps count 
repeat 

sum sum +2 + 7 
7 ^7 +1 
imtil 7^11 

The algorithm can also be written using whi!e-do construct, as follows, 


sum <- 0 


7 <- 1 


while 7 S 11 


do 

sum <- sum +2*7 


7 +-7 + 1 


For such situations in which number of repetitions to be carried out is known beforehand 
another construct known as for-construct is also available Using it, above algorithm is 
written as 

sum 0 

for 7 = 2 to 20 by 2 
do sum +- sum + 7 

The general form of for-construct is 


for identifier = initial value to test value by increment 
AoS 


The words for, to, by and do are reserved words for this construct and they are under¬ 
lined or written tn bold face following the already stated convention Initial value gives the 
starting value that the identifier should take when the S is executed; increment gives the 
value by which the value of identifier be increased after each execution of S, test value gives 
the value beyond which the value of the identifier should not go Test value is the upper 
limit for the value of the identifiei. Thus, when such a for-construct is executed, S gets 
executed repeatedly with the identifier starting with initial value and getting increased by 
increment after each execution of S and this repetition going on till identifier does not exceed 
the test value. One who writes the algorithm has to take care in fixing the initial value, test 
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value and the increment for the identifier so that repetition does not become infinite. For 
example, instruction 



is valid because identifier will take the values 2, -1, -4, -7 and -10 only 

When the value of increment is 1, it is customary not to mention it Thus , the instmctions 


and 


are equivalent 
Example 13 27 

Write an algorithm to find the average mathematics marks of a class of 30 students, 
Sola lion 


get MARKS 

comment MARKS is a sequence of 30 values 

MARKS (] ) is the marks obtained by 1 th student 
TOTAL <-0 
for/ =lto30 

do TOTAL TOTAL + MARKS (/) 

TOTAL 

AVERAGE < - 

30 


for J = 3 to 18 
do S 


fori = 3 to 18 by 1 
do S 

_I 


13,12 Stepwise Refinement of Algorithm 

Algorithms that we wrote down up till now were small We could write them down in one 
stroke All the steps that constitute any of these algorithms were evident and come to our 
mind quickly In other words, this means that the problem for which we wrote a particular 
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algorithm was such that we could grasp the problem m its full scope and perspective, it was 
iiitellectually manageable to come up with all details of actions or steps that would lead to its 
solution 

Whenever anybody is faced to solve a problem, it is generally not possible for him/her to 
think in terms of all nmmte details of all actions of steps m one stretch What one is able to 
do IS to come up with broad major steps of actions that will form a first version of an 
algorithm After this, one can think of each of these major steps individually Each such 
majoi step is an independent unit, therefore, it becomes intellectually manageable for think¬ 
ing about the actions it can consist of This means that one is in a better position to 
understand and think about more clearly one major step at a time. So one can come up with 
simpler, detailed and more precise description of subactions that will together achieve the 
goal of carrrying out the major step. This is what is known as the refinement of the major 
step Wlien each major step is refined we get the second version of the algorithm Each of 
the substeps needs fuitlier refinements Tins process can go on till we get the refinement in 
which each step is sufficiently clear to the person or machine which will execute the algo 
ritlini 

We shall illustrate this technique of stepwise refinement hy two examples 
Example 13.28 

Develop an algoritlun to find the smallest of three given numbers 
Solution 

Suppose o, b, c are three given numbers and we want to decide which of the three is the 
smallest What will be our method to aclueve our goal ? Our thinking can be as follows. 
We can take 2 of the 3 given numbers, say a, b arid compare them. lfa>b,a cannot be the 
smallest of the three and hence the smallest will have to come from b and c Similarly, if 
a < b, the smallest will come from a and c So now let us write down this thinking as our 
first version of the algonthm 


get a,b,c 
ifa> b 

then smallest will be from b and c 
else smallest will be &om a and c 


. (13,10) 


At this stage we do not bother to think as to whether b will be smallest or c, when o > 6. 
As soon as we know a> h our conclusion is tiiat a is not the smallest and it will come from 
the remaining two. We thus think step by step. 

Now tlie step (coming after then). 

smallest will be &om b and c 
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can be made more precise (i e refined) as 
if 6 > c 

then smallest <-c (13 11) 

else smallest <- h 

Similarly, the step (comilig after else)' 

smallest will be from a and c 

will be refined as 

if a 5- c 

then smallest c 

else smallest n (13 12) 

Now incorporating the refinements (13 11) and (13 12) in the first version (13 10) of our 
algorithm, we get the second version of the algorithm for our problem as given in Fig 13 17 

1 get a, h, c 

2 if a>b 

then if 6 > c 

then smallest *- c 
else smallest <- b 
else if a > c 

then smallest c 
else smallest 

3 Output smallest 


Fmal refined vcneai of algonthm for bxample 1128 
Ftg. 13.17 

The refined version of the algorithm, m Fig 13 17 is sufficiently detailed and clear that 
it needs no further refinement and we take it as the final refined version In step 1. 
algorithm gets the values of given data, viz three numbers a, b, c. This is input of the 
algorithm In step 2 processing is completed Note that there are 2 inner if-then-else 
constructs given by (13 11) and (13 12) which are appearing inside the outer if-then-eisc 
construct that was given by (13 10) This is known as nested appearance of 
selection - selection inside selection, here 2 selections nested inside 1 selection 

This example was simple and small Some of you may be able to come up with the final 
version of the algorithm in one stroke itself Illustrative examples are chosen to explain the 
concepts and ideas It is better that ideas and concepts are explained with small and simple 
examples This illustration is one such Whether problem is simple or complicated, small 
or big, tf you follow the philosophy illustrated by this example, your thinking will remain 
straightforward and clear; it will not get involved and muddled You are advised to follow 
this technique of stepwise refinement It is described by calling it top- down desif^n, or 
divide and conquer strategy 




676 


mathematics 


Example 13 29 

Develop an algorithm to arrange the given set of n numbers in an ascending order 


Solulton 

Suppose the given numbers are yl(l), ^ (2), , A (n) In this problem, we can think of the 

procedure as follows. We first find maximum of all given n numbers That is our first step 
Let that maximum occur at the pth element of given sequence Then we can interchange 
this /7th member A{p) with last member A («) This is our second step We want to arrange 
the given numbers in the ascending order and we have a maximum of the sequence in the 
last place, so we need not disturb that place here afterwards So now we can take only first n 
- 1 members of the sequence, viz A (1), A (2), , A {n -1) and repeat the two steps that 

we carried out on the entire sequence, viz find out a maximum of these (n -1 ) elements 
and replace its position with A (n - 1) This will bring 2nd largest element at ,4 (n -1) as we 
want It It IS straightforward that we will have to repeat the 2 steps (n - 1) times on shorter 
and shorter set of elements, each time the length of the sequence we will handle with the 2 
steps, will reduce by one as we are building up our final answer from right of the sequence 
to the left i e starting from A (n ) and proceeding towards ^4 (1) 

Let us write down this thinking as the first version of our algorithm Notice that we 
have not intellectually complicated the procedure by not thinking at this stage as to how to 
find maximum of given elements and how to exchange the positions of two elements These 
are the details of the two steps included in the 1st version Finding a maximum of given 
sequence of elements and exchanging the positions of 2 elements of a sequence are two 
broad major steps The tasks of achieving these will be concentrated during the refinement 
of these individual steps. 

So the first version of the algorithm is 


get the sequence A {\\ A (2),. , .4 (77) 

for fc = 17 to 2 by - 1 

do find max A (p) from ,4 (1 ), ( 2 ). ,A(k) 

interchange A {p) and A {k) 


(13 13) 


Note m the for-construct in (13 13) variable k first takes the value n Therefore, during 
1st execution of this loop max A ( p ) will be found from A (1), , A («) and will 

exchange its position with A (n - 1) and so on. This is what we wanted and have incorpo¬ 
rated it in the algorithm using for-consiruct starting its variable with n and bring it down to 
2 using increment of - 1 at each step. 

Now let us refine the step 

find max ^ (;?) from i4 (1), 

that has appeared in (13 13), This means we have to find max of (1), ,A (k), locate its 
position m the sequence and denote that position by p For achieving this let us now think 
how we shall locate the max element froni^ (1), ,A(k) One way would be to consider 
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a variable with name MAX, assign it value of A (1) This means p, indicating position of 
niaxifflum, will have value 1 Then compare this value of MAX successively with 
A (2), A (3), , A {k) If at any stage any of them is found greater than the value of 

MAX, assign its value to MAX and change the value of p appropriately So when we will be 
through with A (k ), appropriate p and correct value of MAX would have been 
found Thus, the required refinement is given by 





Jig 13.18 

Now let us refine the step 

interchange A (p) and A {k) 

that has appeared in (13 13) When working with a computer each of ^ (p) andA ( k) will be 
in distinct memory locations ffA (k) is moved first at A (p)’s location, A (p) will be lost 
and will not be available to bring to A (kys location Hence, we use a temporary variable say 
temp, for takmg^ ( p) to its location in first move, then in the second move M ( fe ) is taken 
to (p)’s original location, and finally what is in TEMP’ s location (which is old A(p)) is 
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moved to .4 (k )'s location (See Fig, 13 18) Thus, the required refinement is given by 


TEMP <r-Aip) 
A (p) A (k) 
A (i)<-TEMP 


(13 15) 


Now incorporating the refinements (13.14) and (13 15), we get the second version of the 
algorithm as given m Fig 13 19 

get the sequence A (1), A (2), ,,A (n) 

tor k = n to 2 by 1 
do p ^ 1 
MAX-f-^(p) 

for J= 2 to /c 

do If {A (J)>UAX) 
then p <- 7 

MAX<-74 (p) 

comment pth element i e A (p) is maximum amongyl (1), . ,A (k) 

TEMP<-A(p) 

A (p)^A (fe) 

A (it) 4-TEMP 

Fmal retinen vereicn of algcsrOua fw Example 13 29 

Fig 13.19 

The second refined version given m Fig, 13 19 is sufficiently detailed and clear and can 
be executed with ease We take it as final version of the algorithm 

13.13 How an Algorithm is Presented ? 

Up till now we have expressed all our algorithms by writing the instructions of the algorithm 
one below the other This we have called as wnting algorithms using pseudo language, We 
have made use of (1) meaningful mnemonic variable names or what are called identifiers, 
(2) as assignment or replacement symbol, (3) sequence, selection and repetition (or 
Iteration) as the basic forms of construction of instructions, (4) if-then-else and case con¬ 
structs for selection, (5) repeat-until, while-do and for constructs 

We are trying to develop in you an ability of constructing an algorithm in a very 
tatic and disciplined way using this much machinery only, by this you will tend to be 
fficient and correct in writing readable algorithm 
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moved to .4 (k )’s location (See Fig. 13 18) Thus, the required refinement is given by 


TEMP -tr-Aip) 
A(,p) <- Aik) 
Aik)*- TEMP 


(13.15) 


Now incoiporating the refinements (13 14) and (13 IS), we get the second version of the 
algorithm as given m Fig 13 19 

get the sequence ^ (1), .4 (2), ,, .4 (n ) 
for k = n to 2 by 1 
dop •<- 1 
MAX <r-A{p) 

for J = 2 to k 

do if (A (J)>MAX) 
then p <- J 

MAX<->l(p) 

comment pth element i.e. ^ (p) is maximum among.4 (1), . ,, /I (Ar) 

TEMP<-M (p) 

Aip)i^Aik) 

A ik)<- TEMP 

Fmal refined venuoD of algonthm for Exmiplc 13 29 

Hg. 1319 

The second refined version given m Fig 13.19 is sufficiently detailed and clear and can 
be executed with ease We take it as final version of the algorithm 

13.13 How an Algorithm is Presented ? 

Up till now we have expressed all our algorithms by writing the instructions of the algorithm 
one below the other This we have called as writing algorithms using pseudo language We 
have made use of (1) meaningful mnemomc variable names or what are called identifiers, 
(2) *r- as assignment or replacement symbol, (3) sequence, selection and repetition (or 
Iteration) as the basic forms of construction of instructions, (4) if-then-else and case con- , 
siructs for selection, (5) repeat-until, while-do and for constnicto 

We are trying to develop in you an ability of constructing an algonthm in a very 
systematic and disciplined way using this much maclunery only; by this you will tend to be 
more efficient and correct in writing readable algonthm 
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There are other instructions available to write algorithms 
Qfpig 13 16 can be written as 


getn 


2 n •t—n 

t- 1 

if rt is 

prime 

then output n 1 


stop 

else 

go to step 2 


In this we have used a different instruction viz. go to 
algorithm using go to as in (13 17) also 


For example, the algorithm 


(13 16) 

You may write the above 


get n 

2 n <- » + 1 
if n is pnme 
then gn'to step 5 
else'go to step 2 
5 output n 


(13 17) 


If-then-else is one construct 
rithm that comes after else. In 


It starts with word if and ends after the portion of algo- 


iffl 
then S 
else T 


it ends after T. Now no portion of S and T should take control outside this construct. In 
(13,16 ).and (13 17) go to instruction is taking the control to step 2 or 5 which is outside the 
construct When algorithms are small, such things can be done. In large algorithms, if such 
movements outside the constructs are done, they may endanger correctness and validity of 
algontlims Later you ftiay learn mathematical techniques of proving the correctness of 
algorithms There these requirements will be mentioned, Good algorithm-developing habits 
require that you should be disciplined from the beginning and absorb, assimilate and practice 
good habits from beginning So we ask you to use constructs given here and do not try to 
use other constructs like ‘go to’ They are not necessary Their use may turn oat to be 
counter-productive, dangerous and deprive you of good habits and methods of algorithm 
development 
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In Class XI, you have learnt drawing flowcharts to present algorithms In the begin, 
nmg they are alright Again for bigger problems, flowcharts may not inculcate good and 
sound habits of algorithm development So we advise you to write your algorithms using 
pseudo language and writing each construct one below the other, though for some problemt 
in the next section we may give flowcharts, m case you need to refer to them But concen¬ 
trate more on the writing of algorithms using pseudo language 

13.14 Some More Examples 

Example 13.30 

Write an algorithm to obtain HCF of two given positive integers using Euclid’s algorithm 
Solution 

We know Euclid’s algorithm Therefore we can express it in pseudo language as given in 
Fig 13 20 The corresponding flowchart will be as given m Fig 13 21 (page 681) 


get A/, N 

comment A/, M are two given positive integers 

N1JM<-Af 

DEN^A 

QUOT <- integral part of NUM/ DEN 
REM ^ NUM - QUOT * DEN 
while REM 0 

do NUM <- DEN 
DEN REM 

QUOT <r- integral part of NUM / DEN 
REM <- NUM - QUOT * DEN 
output DEN 

comment HCF is the value of denoimnator when remainder is zero 


Algonthm to fmd EICF of 1 pvai positive integers 
Rg. 13,20 
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Flowchart forfindmgHCF of2 gives posiliveiotegers 
Hg. 13 21 


Example 13 31 

Name of each person, his basic pay, dearness allowance, house rent allowance and city 
compensatory allowance are given Let us assume that if his total salary exceeds Rs 10000, 
10% of It is deducted as tax In all there are 500 persons Write an algorithm to calculate 
lax and net pay of each of the person 
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Solution 

A little thought will give the algorithm as m Fig. 13 12 


for 1 = 1 to 500 

do get name (i), bp (i). da(i), cca(i), hra (i) 
gross pay (i) <- bp (i) + da (0 + cca (i) + hra (i) 
if (gross pay (i) > 10000) 
then tax (i) gross pay (i) ♦ 0 10 
else tax (i) 0 

net pay (i) <- gross pay (i) - tax (i) 
output name (i), tax (i), net pay (i) 


AI gonlhni for Exaiqilc 13 31 
Flf. 13.22 

You can easily write the flowchart if necessary. 

Example 13 32 

If Op and Oj are given two numbers and other numbers are generated using the for¬ 
mula £i_ ~ ^1 -1 + - 2 > ' ~ 2, 3, , the sequence so obtained is called Fibonacci 

sequence Write an algorithm to generate 100 numbers of a Fibonacci sequence using this 
rule, 

Solution 

Algorithm will be as given in Fig 13 23 


get a (0), a(l) 
for 1 =2 to 100 

do a ( O <- <7 ( 1 ' 1) + fl (i - 2) 

output a 

comment output a means all elements of sequence a 


Algonthm for gcneralmg 100 aumbo^ of a Fibonaoci sequcDoe 
F\g. 13.23 
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The corresponding flowchart is given in Fig 13 24 



ng. 13.24 

EXERCISE 13.3 


1 Use algorithm of Fig 13 8 as basis and use it to develop an algorithm to find first 
primes, given N. 

2 Write an algorithm to evaluate the polynomial 

aac^ + fl + jc+On 

given X and the coefficients of the polynomial 

3 Write an algonthm to multiply two matrices 

4 Write an algorithm to find and "C given n and r 

5 Write an algorithm to find mean and vanance of a given set of numbers 

6 Write an algorithm to find the value of sin x using 



given X and required accuracy of the answer 

7 Write an algorithm to obtain all values ofC^ for n = 0.1, ,10 using the relation 

8 Write separate algorithms to find the sum of specified number of terms of a given 
arithmetic, geometric and harmonic piogression 

9 Develop an algorithm to solve a set of four simultaneous algebraic linear equations. 






CHAPTER 14 


Numerical Methods 


14,1 Introduction 

In solving problems we do a lot of numerical computation with real numbers As you know, 
every real number can be expressed as a terminating or a non-termmating decimal We are 
increasingly using oalculators/computers for computational work As you learnt in the 
previous chapter, computers can handle numbers of finite number of digits only Thus, all 
real numbers, rational or irrational, have to be first expressed as ‘finite decimals' for carrying 

1 

out computational work with calculators/computers For example — has to be expressed as 

0 333 or 0 333333 or 0 33333333, depending upon the nature of the problem When we take 
1 1 
0 333 for — , 0 333 is obviously an approximation to— ■ We refer to 0 333 as an 

‘approximate number’ in this sense 

In practical problems we deal more often with approximate numbers As a matter of 
fact any physical measurement may not give the exact value and hence it is an approximate 
value. When we solve a real problem involving numerical computation, we first decide 
about the maximum permissible error in the final answer and then determine by certain 
methods, to which extent the numbers involved, the intermediate computations, etc are to 
be approximated, As a thumb rule, if we want the final answer to n places of decimal, we 
take the numbers involved and the intermediate computational results to (n + 2) places of 
decimal 

For approximating a number there are two ways. One is to chop ofj (leave out) the 
extra digits that are not required and the other is to round off the last digit to be retained 

2 

You are familiar with the rules for rounding off. For example, — is 0 6666 if the extra 

digits are chopped off and is 0 6667 if the fourth digit after the decimal jDOiiit is rounded off 
2 

In both cases is approximated to 4 places of decimal 

Particularly, in problems related to science and technology, we come across various 
types of equations, integrals, etc for which we do not have (standard) methods for solution, 
as we have, for instance, for solving the quadratic equation bx + c = <i,a*0. In such 
cases, we try to find their approximate solutions througli a senes of numerical computations, 
using certain techniques 

The subject of numerical analysis deals with finding approximate solutions of problems 
through numerical computation As you know, computers can perform numerical 
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computations (more often approximate results) very fast, millions per second Tlie advent of 
computers thus made numerical methods an important area of study 

The computational work m this chapter is done with a pocket calculator and numerical 
values are upto 5 places of decimal, extra digits chopped off Logarithmic tables may also be 
used for computational work and in that case we should expect the final answer to one or two 
places of decimal only 

14.2 Successive Bisection Method 

This method is based on the following theorem 

Theorem 14 1 

If /(Af) IS continuous m the closed interval [a, b ] and /(«),/(/>) are of opposite signs, then 
there is at least one number a in the open interval (a, b ) such that/ (a) = 0, 

According to this theorem, if / (jc ) = 0 is a polynomial equation and if we have a and h 
where f{a) and f(b) are of opposite signs, then there is at least one root of the equation in 
(a, b) 

The successive bisection method is explained below 



Let the graph of y = /(jc ) be as shown in Fig 14.1, Let /(x„) be positive and let / (x 
be negative as in Fig, 14 1 According to Theorem 14 1a root of the equation /(Jc) — 0 lii 
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between jr„ and Xj The procedure of the successive bisection method is as follows. 
Initialisation 

We start with and x, where /(x^) and f(x^) are of opposite signs 
First Iteration 


/(Xj) may be positive, negative or zero. If /(x^) = 0, then (which is obviously between Xi^ 
and X,) is the required root. If f(x^) is positive, then, according to the Iheoretn stated above, 
the root lies between x, (where f(x) is negative) and x^ (where /(x) is positiveV If f(x^) it 
negative, then the root lies between x^ (where /(x) is negative) and x„ (where /(x) is positive) 
Let us assume that /(x^) is negative. Let us call this Xj as new x, 

Second iteration 
We have 

x^ where/(x) is positive 
(new) X, where/(Xj) is negative 


We have the same situation with which we started So we repeat the process That is, we 

XqEXj 

find Xj = —^— , find whether f(x^) is positive, negative or zero. We continue the process 

till the desired level of accuracy, i.e till we get the answer to the specified number of 
decimal places, is reached. For this purpose, we compare the end points of the interval, in 
ich the root is to lie, at each iteration 

te 

te desired level of accuracy is stated in terms of the number of decimal places required in 
.ne result, like finding the value of the root to three places of decimal. When we use the 
electronic calculator we may follow this thumb rule If the final result is required to « 
places of decimal, retain the digits upto (n + 2) places of decimals in the intermediate steps 
Cliop off the digits after the (» + 2)th place of decimal. In the final answer, retain the 
digits upto n places of decimal and chop off the other digits The calculations of this chapter 
are done with a pocket calculator. If pocket calculator is not available, logarithmetic tables 
may be used In that case the desired level of accuracy will have to be less 


Example 14 J 

Find a root of the equation x^ - x - 4 = 0 between 1 and 2, to three places of decimal by 
successive bisection method 
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Solution 

Initialisation 


At, =2 

Kx^=V-l-4 /(^,) = 2'-2-4 

= -4 =2 

The root lies between J and 2. 


Fifst iteration 


^0=1 A-, =2 . At,= -^ = 15 

/(V^-4 /(Jt,) = 2 /(jf^)=^5)3_l5_4 

= -2.125 

TTie root lies between I i and 2 

Since /(Xj) is negative, jc, becomes new in the next iteration and jc, remains the same 


Second iteration 


j:3 = ! 5 


/(;e„) = -2l25 f{x^) = 2 




jT.+x. 1,5 + 2 
= i_=-= 1 75 


/(AC,)=(1 75)^-175-4 


= - 0,39062 

Since /(I 75) is negative and /(2) is positive, 

the root lies between J 73 and 2 


Since f(x^ IS negative, becomes new Xj, in the next iteration and x, remains the sanie 


Third Iteration 


x„ = 1 75 


/(x„) = - 0 39062 
x„+x, 1 75+2 


X, =2 

fix,) = 2 


= I 875 


/(X2)=(l 875)^- 1 875 -4 
= 0 71679 (Positive) 


So the root lies between I 75 and I 875 


Since /(Xj) is positive, Xj becomes the newx, in, the next iteration and x^ remains 
the same. 
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Fourth iteration 

= 1 75 jc, = 1 875 

/(jfg) = - 0 39062 /(jr:,) = 0 71679 

v+jf, 1 75 + 1 875 

jc, = = - - 1 8125 

^ 2 2 

/(:c^) =(1.8125)3 -18125-4 
= 0 14184 

So the root lies between I 75 and 1 8125 

Since /(jCj) IS positive,becomes the newJCj in the next iteration and remains the same 
Fifth iteration 

jc„ = 1,75 x^ = 1 8125 

fix^) = - 0 39062 /(x,) = 0 14184 

a:„ + ;c, 175+18125 

X, = - - = - = 1 78125 

^ 2 2 

/(jfj) =(1 78125)3 - 1 78125 -4 
= -0,12960 

So the root lies between 1 78125 and 1 8125 

Since f{x^ is negative, x^ becomes the newx„ in the next iteration and x^ remains the same 
Sixth iteration 

Jir„ = 1 78125 = 1 8125 

f(x^) = - 0 12960 fix^ ) = 0 14184 

x.+ ;c, 1 78125+ 1 8125 

X = -5-^ =-= 1.79687 

^ 2 2 

/(Xj) = (1 79687)3 _ I 79657 _ 4 
= 0 00477 

So the root lies between I 78125 and 1 79687 
Since /(Xj) IS positive, Xj becomes the new Xj in the next iteration and x^ remains the same 


Seventh iteration 

x„ = 1 78125 Xj = 1 79687 

/ (x„) = - 0 12960 /(x,) = 0 00477 



68S 


MATHEMATICS 


Fourth iteration 


= 1 75 


X, = 1 875 


f(x ) = - 0 39062 /(Jf,) = 0 71679 




1 75 + I 875 


= 1 8125 


" 2 2 
/(jc^) =(1,8125)^ -1,8125-4 
= 0 14184 

So the root lies between 1 75 and I 8125. 


Since /(jCj) is positive ,,)(;2 becomes the new,*, in the next iteration and remains the same, 
Fifth iteration 

XTg = 1 75 ^ 1 8125 

/(*„) = - 0 39062 /(*,) = 0 14184 

a;, + *, 175+18125 

*, = -2-L = ---= 1 78J25 

^ 2 2 
/(jfj) =(1 78125)’ - 1 78125 -4 
=- 012960 

So the root lies between / 78125 and 1 8125 

Cj becomes the new*„ in the next iteration and *, remains the same, 


*0= 1.78125 *1= 1,8125 

„) =-0 12960 /(*,) = 0 14184 

*„ + *, 1 78125 + 1.8125 

= -^ --= 1,79687 

2 2 

= (1 79687)’ - 1 79687 - 4 
= 0 00477 

? root lies between 1.78125 and 1 79687 
mes the new *, in the next iteration and remains the same 


= 1 78125 JC, = 1 79687 

) = -0 12960 /(*,)= 0 00477 
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1 78125+ 1 79687 

^^2 = -^ =-- 1 78906 

2 2 

/ (a;2)= (1 78906)^ - 1 78906 - 4 
= - 0 06276 

So the root lies between I 7S906 and 1 79687 
Since /(jc^) is negative, becomes the newjc^ in the next iteration and jc, remains the same 
Eighth iteration 

JCo = 1 78906 j:, = 1 79687 

/ (jc„) = - 0 06276 = 0 00477 

x„+x. 1 78906+ 1 79687 

JC, = —— = - = 1,79296 

^ 2 2 

/ ix^) = (1 79296? - 1 79296 - 4 
= -0.02913 

Therefore, the root lies between I 79296 and I 79687. 

Since /(xr^) is negative, x^ becomes the new m the next iteration and remains the same 
Ninth Iteration 

= 1 79296 Xj = 1 79687 

/(je„) = - 0 02913 /(x,) = 0.00477 

-K„ + -*:, 1 79296+ 1 79687 

Jt, = — - - = - = 1 79491 

" 2 2 

fixf) = (1 79491? - 1 79491 - 4 
= -0 02513 

So the root lies between I 79491 and I 79687 
Since f(x^) is negative, jt, becomes the new jc^ in the next iteration and remains the same 
Tenth iteration 

x:o= 1 79491 ^i 

/(jeo)=-0 02513 M) 

jc.+ jc, 1 79491 + 1 79687 
= - 


= 1.79687 
= 0 00477 

- = 1 79589 


2 


2 
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= 79589)^ - 1.79589- 4 

= - 0 00375 

So, the root lies ■between I 79589 and /, 79687 
Since /(jfj) IS negative, becomes the newiCp in the next iteration and x, remains the same 

Eleventh iteration 

X. = 1 79589 = I 79687 

/(V "" " ® ^® 

xAx. 1 79589+ 1 79687 

j; = J-!- --= 1.79638 

2 2 

/(jCj) = (1 79638)3 _ , 79638 _ 4 

= 0 00050 

So the root lies between 1 79589 and 1 79638 
Since /(jj) is positive, x^ becomes the new j:, in the next iteration and jf„ remains the same 
Twelfth Iteration 

x^ = 1 79589 X, = 1 79638 

/(jc,) = - 0,00375 /(Jf,) = 0 00050 

xr„ + j:, 1 79589+ 1 79638 

jf = J-L =-^ 1 79613 

2 2 2 

J(xft = (1 79613)3 - 1,79613 - 4 
= -0 00167 

So the root lies between I 79613 and I 79638. 

Compare the above two limits for the root. The digits in the three places of decimal are the 
same Hence the value of the root to three places of decimal is 1 796 

Remarks 

( 1 ) How close this value of 1 796 is to the real value of the root can be seen by finding the 
value of /(jc) at this value and comparing it with the theoretical value of 0 
/(1796)=(1 796)’- 1 796- 4 
= - 0 00279 

which IS very close to 0 

(n) Had we wanted the root to two places of decimal, we could have stopped at the eighth 
Iteration itself In that case, the approximate value of the root would be 1 79 
(ill) Had we wanted the root to one place of decimal, we could have stopped at the 6th 
Iteration itself In that case, the approximaate value of the root would be I 7 
(iv) We started with 1 and 2 at the initialisation stage Had we started with still closer 
values, the number of required iterations would have been smaller 

The procedure worked out above can be presented neatly in a tabular fbnn as 5 I 10 M 1 oil 691 
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14 3 The Method of False Position 

This method is also based on the Theorem 14 1 In the basection method we have taken k 
to be the mid-point of and jt, In the method of false position, will be the point where 
the chord through /(jc^)) and , /(e,)) intersects the je-axis The rest of the procedure 

15 similar to the procedure of the bisection method 



14.1 

P {x 


Lety /(* ) Let/(,,) be positive and/(«,)iiegalive (Pig 14 2 ) According to Theorem 

fJT r P»i»« 

1 ) and 2 (Xg, f(x^)) intersect the Jc-axis in v 

Equation of the line PQ is 


y~/ (^i) = 


/(-'^i)-/K) 


(■X 


This intersects the j:-axis in the point given by 




Ax^)-f{x„) 


(xr-jc,) 




f(^ o) 
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If f{x,) -- 0, then ts one of the roots If /(jc,) is positive, then becomes x, (new) in 
the next iteration If f{x^) is negative, then x, becomes jc^, (new) m the next iteration We 
continue the iterations till the desired level of accuracy for the root is reached, i e , till we get 
the answer to the specified number of decimal places Let us solve the same equation by this 
method, which we solved by successive bisection method 

lixampli! 14 2 

Find a root of the equation r’ - .v - 4 = 0 between 1 and 2, to three places of decimal, by the 
method of false position 

Solution 


initialisation 


hrst Iteration 


I -*1 ^ 

f(x,)=-4 f(x,)=l 

the root lies between I and 2 


Xq = 1 


Xi=2 


/(x„)=-4 /(x,)=2 


.v,=x„ - 


= I - 




/(JCi) - 
-4 


(V, -.Vq) 


2 - (- 4) 
= I 66666 


( 2 - 1 ) 


/(Vj) - (1 66666)' - 1 66666 - 4 
- - I 01709 


Since /(Xj ) IS negative and /(x^) is positive, the loot lies between x, ami r| i e helweeii 
I 66666 and 2 In the next iteration x, becomes the newx„ because /(x,) is nagative 
Second Iteration 


X(| = I 66666 Xj — 2 

/(x„)--I 03709 /(V,) =2 


fi\) - fi-\) 




- 1 03709 

= I 66666 --(2 - I 66666) 

2 - (- 1 03709) 



MA'l lll''MArK'S 


f,y4 


= 1 78048 

/(«,) = (! 78048)’ - 1 78048 - 4 
-^0 13616 

So, the )ool lies between l.7S()‘tH and 2 


Since /(X,) IS negative, in the next iteiation becomes (new) and jr, remains the same 


Third ilei alian 


= 1 78048 j;,= 2 

/(;r„)--0 13616 /(v,)=2 


r. - -r,. 




-0 13616 

- 1 78048 - --(2 - 1 78048) 

2-(- 0 13616) 

= 1 79447 

/(x,) = (l 79447)^- 1 79447 -4 
= - 0 01606 

So, the root lies betM’een I 79447 ami 2 

Since f(x^) is negative, in the next iteration a-, becomes the (new) x^^ and x^ leniains tile 
same 


Fourih Iteration 


- 1 79447 A, - 2 

/(A„)=- 0 01606 /(A,) =2 


/('V|) - /(Afl) 


(jfi-V 


- 0.01606 

== 1 79447 -(2 - 1 79447) 

2-(-0 01606) 

= 1 79610 

fix,)=^(l 79610)^- 1.79610 -4 
= -0,00193 
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So, the root hex between I 79610 and 2 

Since /(jf,) is negative, in the next iteration becomes (new) jc,, and jt, remains the same 
Fifth Iteration 

jr„ = 1 79610 V,-2 

/(V,,)- - 0 00191 /(v,)--2 




-0 00193 

= 1 79610 -(2- 1 79610) 

2-(- 0 00193) 

= 1 79629 

/(jcj) = (1 79629)’ - 1 79629 - 4 
= - 0 00028 

.Vo, the root hex between I 79629 and 2 

Since /(jfj) is negative, in the next iteration a, becomes (new) v,, and a-, remains the same 


Sixth delation 


= 1 79629 v, = 2 

/(r„)=- 0 00028 /(x,)--2 


X — y 




y(v,)-/(r„) 


(jr, - A-„) 


- 0 00028 

= 1 79629 - -- (2 - 1 79629) 

2 - (- 0 00028) 


- ] 79631 

f(x^) = (\ 79631)-’- 1 79631 - 4 


- - 0 00024 
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So, the root hex het\^>een I 79631 and 2 

Since /(jf,) IS negative, in the next iteration, v, becomes (new) .v,, and r, remains the same 
Seventh iteration 


= 1 79631 -y,-=2 

/(Y,)=- 0 00024 /(A,) =2 


V, 


X 


0 


/4 -o)_ 


(>^1 - 


- 0 00024 

= 1 7963)-(2 - ) 79631) 

2 - (- 0 00024) 

= 1 79633 

/(x,) = (] 79633)’- 1 79633 - 4 
=-0 00007 

Now / (Y^) IS positive and / (y,,) is negative 

Therefoie the i oot ties between I 79631 and 1 79633 

The digits in the fust three decimal places are the same in the above Theiefoie the value of 
the root upto three places of decimal is I 796 We got the same aiiswei, which we gol iindei 
the successive bisection method 

Remark 

/ 

You can see from the last iteration, that the value of the root to 4 
1 7963 

The procedure worked out above can be nicely represented in 
',e 697 


places of decimals is 

9 

a tabular form as given on 



Computation of the Root of -i--4 = 0 by the Method of False Position 



Value of the root to three places of decimal - 1 796 
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14.4 Newton-Raphson Method 

In tills metliod we start with a value jc,, for the root By some process of trial and error oi 
otherwise we have to choose x,, such that it is quite close to the real value of the root Then 
we consider the tangent to the curve at (jc„ , / (jc„ )) (Fig 14 1) 



Let this tangent intersect the jc-axis in Now r, becomes our new ir,, in the next 
Iteration Let the tangent atoCj (new intersect the tr-axis in x^. Now is the new Jf, (m 
turn new x^) in the next iteration and so on The process is continued further till we get a 
value for the root upto the desired level of accuracy, i e till we get the answer to the 
specified number of .decimal places 

The equation of the tangent at is given by 

y ~ Kx^) = /' (■* o) ' -^o) 


If this tangent meets the jc-axis in, then 

0 - / = f K) (J^i ^ ^o'> 

/' K) 

The Newton-Raphson method has the following steps 


or, 


1 Inifwlisafion 


Select suitably 
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2 First iteration 


This a:, is for next iteration 
3 Second iteration 


x^ = x^ 


/K> 

Z'K) 


/(^q) 


and so on 

The following example illustrates the procedure 


Example 14 3 

Find a root of the equation - x - 4 = Q between 1 and 2 to three places of decimal, by 
Newton-Raphson method 

Solution 


We see that / (1) = - 4 and f{2) = 2 From this we may guess that 2 is nearer to the real 
root than 1 So let our initial value be 2 

Initiahsalum 

= 2, fix) = ,)i:^ - jc - 4, f ix) = '3x‘- -1 

First iteration 


Second iteration 


x, = 2, /K) = 2; r{xf) = U 

/(^o) 
x=x - - 

2 

= 2 - 

11 

= 1 81819 


JC(,= 1 81819 

fixf) = {\ 81819)^- 1 81819-4 
= 0, 19240 

/'(jCg) = 3(l 81819)2- 1 
= 8,91744 


Z'K) 


= 1 81819- 


019240 


= 1 79662 


8.91744 
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Third iternlion 


0 

/K) 
I (■*‘ 0 ) 


=1 79633 

Comparing tlie values of .v, m the third and second iterations, we find that the digits in the 
first three places of decimal are the same in both Hence the approximate value of the root to 
three places of decimal is 1 796 

Remarh 

The answer that we got here is the same that we got by using successive bisection method 
and false position method, but the important thing to note is that we could gel this answei by 
fewei iterations in Newton-Raphson method In using the Newlon-Raphson method it is 
necessary that we should start with au initial value that is close to the real value of the lool 
In this example choosing 2 as the initial value worked well The values oblained 111 
Successive iterations weie showing converging trend If Ihe selection of the inilinl value is 
not done properly, the number of iterations required can be more, even the values in successive 
Iterations may not converge 

The procedure worked out above can be nicely represented in a tabular form below 

Conipiilatioii of the Root ofthc Eqiiatieimr’ x 4 = 0 
by Newton- Raplisoii Mcthoil 


= 1 79662 

= (1 79662)’ - 1 79662 -4 
= 0 00258 
= 3(1 79662)^- 1 
= 8 68018 

- V 

" /'(V 


-- 1 79662 - 


0,00258 
fl 6RniR 


'lei'cilion 

% 

/('o> 

/(*„) 

/('„) 

' 1 “ 1 ) 

/'(h, ) 


2 00000 

2.00000 

11 00000 



2,00000 

2 00000 

11 00000 

18)819 


1 81819 

019240 

8 91744 

1 79662 


1 79662 

0 00258 

8 68018 

1 796.3.3 


late value of the 

loot to tkiee places of decimal n, 

1 796 
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EXERCISE 14.J 

1 Find a root of the equation lying in the interval specified against it, using successive 
bisection method Give the answer to two places of decimal, chopping off the extra 
digits 

(0 v’ 4 .y+1 = 0 (1,2) 

(ii) + 1*^ - 1 = 0 (0 5, 1 0) 

(ill) .v' - 3 jy - 5 - 0 (2 0, 2,5) 

(iv) H-r- +7 =0 ( -2 5, -2) 

2 Use the method of false position and find the limits within which the root lies at the 
5lh iteiation 

(I) v’ H .Y - - 1 = 0 (0 5,1 0) 

(II) y'-3y- 5 = 0 (2 0,2 5) 

(III) A-' 1 v-H y+7 = 0 (-25,-2) 

1 Find a root of the equation lying in the interval specified against it, using Nowtoii- 
Raphson method Give the answer to three places of decimal, chopping off the extra 
digits 


(1) 

y’H 

T 

1 = 

= 0 

(0 5, 1 0) 

(d) 

y'- 

1y 

■ 5 

- 0 

(2 0, 2 5) 

(dl) 

yN 

y’h 

Y t 

7 - 0 

(-2 5, -2) 

(iv) 

1 - 

4v 

, 0 

-0 

(2,5 3) 

(V) 

y’ - 

■ 2y 

5 

- 0 

(1 75, 2 25) 

(Vl) 

y’- 

Y 

4- 

0 

(1 5,2 0) 

(Vd) 

y'- 

18 ^ 

- 0 


(2,3) 

(Vlll) 

y' - 

5v 

i I 

-- 0 

(0 5, 0 75) 

(IX) 

-1 

5v 

-+ 1 

- 0 

(- 0 25, 0 


14.5 Solution of a System of Equations 

Earlier you learnt how to solve a system of equations with (he help of mad ices Heic we 
shall discuss two methods of solving a system of n equations in n variables We shall assume 
the system of equations to be consistent and we will find approximate iiiimeiical solution to 
the desiicd level of accuracy, i e till we get the answer to the specified numbei of decimal 
places Let us take a system of three equations and discuss the proccduie 
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Gauss Elimination Method 

Let the given system of equations be 


OjiT + -t-cy = ^/, (14 1) 

a^x + h^y (14 2 ) 

+c,2 = (14 1) 

There is no loss of generality, if we assume that at least one of the coefTicieiits ci, or o, or 
is not zero, for the reason that if all of them are zero, tlien the system reduces to a system of 
3 equations in 2 variables Let us take a, 0 and let also assume that the system has a 
unique solution 

We will first eliminate x from (14.2) and (14 3). For this purpose we divide (14 1) by 
n, (ti 0, as per our assumption), then multiply it by and then subtract it from (14,2) You 
can easily see that jf term vanishes In a similar manner, we ehnnnate v fiom(14 3) Tims 
after carrying out these operations, the given system of equations reduces to tlie following, 


+/i,y+c',z=(/, (14 1) 

f)',y+r',:=r/'j (14 2)' 

h\y+c\z=d'^ (14 3)' 

Here again we may assume, without loss of generality that h\ / 0 Now wc will 
eliminate v from (14 3)' with the help of (14,2)' For this purpose we divide (14 2)' by /)', (/ (I) 
Then multiply it by h'^ and (hen subtract it from (141)' Thus aftei carrying out this 
operation, the above system of equations reduces to the following 

+ /7| i’ +(■,: - c/| (14 1) 

h\y+c'y: = d\ (14 2)' 

c":=-d" (14 3)" 

The system of equations is now said to be in the triangular form The process described 
above is called Irtangulanxation of the system 

Now we back-substitute 
From (14 3)" we have c = 

c 

Substituting this value of z in (14 2)', we get the value of y. Substituting the values ofy 
and z m (14 1), we get the value of x The following example illustrates the procedure, 

iLKampk N 4 


Solve the following system of equations 

Jf + .V + z =3 
2jr 3j' -I- z =6 

X-y-^z =-3 


(14 4) 
(14,5) 
(14 6) 
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Solution 

We first eliminate x from (14 5) and (14 6 ) 

JC + + 2 = 3 

(2jc + 3;^ + z) - 2(jf t- 3 ^ -r z) = 6 - 2 x 3 [ (14 5) - 2 

or, >'-z = 0 

(je - W - z) - (Jtr + .V +z ) - - 3 - 3 
or, - 23 ^ - 2 z = - 6 
or, 31+2 = 3 

Thus, the given system is equivalent to the following 

jf + y + 2 = 3 
y - z = 0 
y + z = 3 

Now we will eliminate y from (14 6 )' with the help of (14 5)' 

y + z - (y - z ) = 3 - 0 = 3 
or, 2z =3 

Thus, the given system reduces to 

jc + y + z = 3 
y - z = 0 
2z = 3 

Now the system is in triangular form Back-substituting from (14.6)", we get 

3 

z= —= 1 5 

2 

Substituting for z in (14 5)', we get 

y-l5=0 Qry=l,5 
Substituting fory and z in (14 4), we get 

jc+15 + 15 = 3, i.e, Jc = 0 

Thus, the solution is 

jf = 0, y = 1.5, z = 1 5 

Gauss-Seidal Iterative Method 

Suppose we have the following system of equations, which is consistent and has 
solution. 

ajx+bjy+c,z = f/, 

a^x +b^y +c,z = 

a^x +bjy +C3Z = 


(144)1 

11 “i 5 J 


(14 ( 1 )' 

(14 4) 
(14 5)' 
(14(1)' 

14 6) " 

(144) 
(14.5)' 
(14 6)" 


a unique 

. (14 7) 
(14 8) 
.(14 9) 
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There is no loss of generality if we take a^, b^, 0 We can rewrite (14 7) as 

1 

x = —{d - b y - £', 2 ) 

«i 

i,e, we can write (14 7) as x = /(y, z) Similarly we can write (14,8) as y - y (z, v) and 

(14 9) as z = /i (x, y) Let us write the system of equations in this form 

x = f(y,z) (14 7)' 

z-h(x^y) (14 9)' 

We can start with some initial solutions To make calculations simpler we start with the 
initial solution j; = 0, z = 0 With these initial values of v and z, we can get the approximate 
value of a: from (14 7)' Let this value be x^ Now the approximate solution that we have is 

>>=0, z = 0 

Substitute for z and Jt in (14 8 )', i e, put jc = and z-Q We get an approximate value foi r 
Let this be y I Now the approximate solution that we have is 

Substitute.!: = .tj, y = m (14 9)' We get the approximate value for r Let this be 
Now the approximate solution that we have in the first iteration is 

x = x^,y = y^, z = z, 

Now the second iteration begins Substitute y = y, and z = z, in (14 7)' and get the value .v, 
for.r Substitute x ~ Vj and z = Z| in (14 8 )'and get the valuey^ fory Substitute r " r, and 
> - in (14.9)' and get the value r, for z Thus at the end of the second iteiation we have 
the solution 

Continue the process till you get the solution to the desired level of accuracy The following 
example illustrates the procedure 

Lxamplu 1-J 5 


Find the solution of the following system of equations to three places of decimal by Gauss- 
Seidal method 


9.V ^2y 1- 4z = 20 

(14 10) 

A + I0y+ 4z =6 

(14 II) 

2x - 4y h tOz =-l5 

Solution 

We rewrite the given system as follows. 

1 

X = (20 - 2y - 4z') 

,(14,12) 

(14,10)' 
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y= — (6 - jf - 4z ) 


10 


(-15 -2x + 4y) 


fnitialixatinn 

Let 0,2 = 0(11(14 10)'. 

Iteration 

Putting.!' = 0, 2 = 0 in (14 10)', we get 


JK =— (20) = 2 22222 

Putting jc = 2 22222 an<J 2 = 0 in (14 11)' we get 

1 

y = — (6 - 2,22222 - 4 v 0) = 0 377777 
10 

Putting jc = 2 22222 andji = 0 37777 in ( 14 12)', we get 

1 

: = — (- 15 - 2 ^ 2,22222 + 4 »< n 
10 

= - 1 79333 

So at the first iteration, we have 


(14 II)' 

(14 12)' 


.1 =2 22222 
! = 0 37777 
i = - 1 79333 

Let us tabulate the solutions obtained in each iteration See the table at tlie end of this 
solution 

Second iteration 

1 

From (14 10)' .r = — [ 20 - 2 0 37777 l- 4 x 1,79333] 

9 

= 2 93530 
I 

From (14 11)' >' = — [ 6 - 2 93530 + 4 x l 79333] 


= 1 02380 
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I 

From (14 12)' " ^ IF "2x 2 93530+ 4 x 1 02380] 

= -l 68754 

So, at the end of the second iteration, we have the solution 

Ji = 2 93530 
y = 1 02380 
z = -\ 68754 

Third ilnration 

I 

From (14 10)' x = — [20 - 2 X 1.02380 + 4 x1 68754] 

= 2 74472 
1 

From (14 11)' =— [6 - 2,74472 + 4 x1 68754] 

= 1 00054 
I 

From (14 12)' z = — [-15 -2^ 2 74472 + 4 x ] 00054] 

10 ^ 

= -1,64873 

So at the end of thud delation, we have the solution 

x = 2 74472 
v= 1,00054 
z = - I 64873 

Foil) th iteration 

1 

From (14 10)' x =— [20 - 2 x I 00054 + 4 x 1 64873] 

9 

= 2 73264 

I 

From (14 11)' ^ = — [6 _ 2 73264 + 4x 1 64873] 

= 0 98622 
1 

From (14 12)' z = — [-15 -2^ 2 73264 + 4 x 0 98622] 

10 


= -1,65204 
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1 

From (14 12)' z = — [-15 - 2 x 2 93530 + 4 x 1 02380] 

= -l 68754 

So, at the end of the second iteration, we have the solution 

x = 2 93530 
= I 02380 
z = - 1 68754 

Third duration 

1 

From (14 10)' a- = — [20 - 2 x I 02380 + 4 x 1,68754] 

9 

= 2,74472 
1 

From (14 11)' ,v = — [6 - 2 74472 + 4 x 1 68754] 

= 1 00054 
1 

From (14 12)' 2 = — [-15 -2 x 2 74472 + 4 ^1 00054] 

= -l 64873 

So at the end of third iteration, we have the solution 

jc = 2 74472 
V = 1 00054 
z = - 1 64873 

Fourth deration 


From (14 10)' 


From (14 11)' 


From (14 12)' 


1 

^ =— [20 - 2 X 1.00054 + 4 X 1,64873] 
9 

= 2 73264 
1 

y = - 2 73264 1-4 x 1 64873] 

= 0 98622 
1 

^ — [-15 -2 x 2 73264 + 4 x 0 98622] 


=^-1,65204 
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So at the end of fourth iteration, we have the solution 

x = 2 73264 
>> = 0 98622 
z =-1,65204 


Fifth Iteration 


From (14 lOy 


Jf = — [20 - 2 X 0.98622 + 4 x 1,65204] 


From (14 11)' 


From (14 12)' 


10 

= -l 65742 

Solution at the end of fifth iteration 


= 2 75730 
1 

y =— [6- 2 75730 + 4 x 1 65204] ‘ 

= 0 98508 
1 

7 = — [-15 -2 x 2 75730 + 4 x 0 98508] 


jc = 2 75730 
V = 0 98508 
z = -l 65742 


Sixth iteration 

1 

From (14 10)' jc = — [20 - 2 x 0 98508 + 4 x 1,65742] 

9 

= 2 73994 
1 

From (14 11)' [6-2 73994+ 4 x 1 65742] 

= 0 98897 
1 

From (14 12)' r = — [-15 -2 x 2 73994 + 4 x 0 98897] 

10 

= -l 65240 

Solution at the end of sixth iteration 


;c = 2 73994 
y = 0,98897 
z = -1 65240 



MAl'IIliMA'l'lCN 


Seventh iteration 
From (14 10)' 


From (14,11)' 


jf = -— [20 - 2 . 0 9S897 + 41 65240] 

9 

= 2 73685 
1 

l’ - — [6 - 2 73685 M . I 65240] 

10 

= 0 98727 


Fiom(14 12)' 


[-15 -2 X 2 73685 H 4 ^ 0 9S727] 


- - 1 65246 

Solution at the end of seventh iteration 

V = 2 73685 
r --- 0 98727 
:- -1 65246 

Eighth iteiation 

1 

From (14 10)' a- = — [20 - 2 . 0 98727 i- 4 ■ 1,65246] 

- 2 73725 


From (14 11)' 


!■ = — [6 - 2 73725 t 4 v | 65246] 
= 0 98725 


From (14 12)' 


:= - [-15-2 ' 2 73725 f 4 ' 0 98725] 
10 


= -l 65255 

Solution at the end of eighth iteration 

X = 2 73725 
j' = 0 98725 
z = -1 65255 

Ninth Iteration 


From (14 10)' 


From (14 11)' 


X = y [20 - 2 X 0 98725 t 4 < 1 65255] 

= 2 73730 
1 

.V = [6 - 2 73730 + 4 M 65255] 

= 0 98729 


From (14 12)' 


2 = — [-15 -2 ■f 2 73730 + 4 x 0 98729] 


= -l 65254 
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Solution at the end of ninth iteration 

.V = t) 98729 
r = -l 65254 

Compare the values of v, r, ; obtained in the eighth and ninth iterations You find that the 
digits in the first three places of decimals are the same in both these iterations Thus, the 
solution to three places of decimal is 

V - 2 737 
.1-0 987 
r--l 652 

Tlie procediiie desciibed above, is presented in the following tabular form 


Solution of the Given System orEquationi 
by Causs-Seidal Method 


lleiatioii 

V 

y 

z 

0 

2 22222 

0 

0 

1 

2 22222 

0 37777 

-1 79333 

2 

2 93530 

1 023BO 

-1 68754 

3 

2 74472 

1 00054 

-1 64873 

4 

2 73264 

0 98622 

-1 65204 

5 

2 75730 

0 98508 

-1,65742 

6 

2 73994 

0 98897 

-1 65240 

7 

2 73685 

0 98727 

-1 65246 

8 

2 7J725 

0 98725 

-1 ^55 

9 

2,21730 

0 98729 

-1 ^54 


EXERCISE 14.2 

1 Solve the following by Gauss elimination method to three places of decimal, chopping 
off extra digits 

(i) 2jr+ 4.V+ 2^ = 15 

2x + y + 2c = —5 

4jr t- 3 ^ - 2c = 0 


00 


2jc + y + c = 10 
3,ic + 2y + 3z = 18 
X + 4y + 9z = 16 
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2 Find the solution of the following systems of equations by Gauss-Seidal method, to three 
places of decimal, chopping off extra digits 

0 ) x + y = 2 

3x-lQy = 2 

(u) 9 ji: + + 4z = 20 

x+l0y + Az =6 
2x-Ay+ lOz =-15 


14.6 Approximations of Some Functions 

You are familiar with functions like e cos x, log Jf, etc These functions are expressed in 
the form of infinite power series For example, you know 

X x'^ 

x^ x’ 

siti jc = -+ —-+ • ■ for all Jf 

31 51 7' 

x^ 

cosjf = l-+ —-+ ■' for all Jf 

21 41 6 ! 

JC^ 

log (1 + Jf) = j; - — + — - for I Jf 1 < 1 


Jf" JC3 

log (1 - jc) =-1 Jf + Y+Y+ 


for \x I < 1 


log 




for I Jf 1 < 1 


We can find approximate values of such function for a given value of jc upto a desired level 
of accuracy, with the help of their power series There are, of course, other methods also 
The following example illustrates the procedure 


Example 14 6 

Find the value of e ' for jc = 2 , to three places of decimal, 
Solution 
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)thterm =- 

0 - 1)1 

0 + l)th term =— 


()+l)thterm x' x'-^ x 

ith term ;l (' - 1)' i 

X 

0 + l)tli term =—y /th term 
; 

We use this formula for finding the value of e ^ for a given :r, which is 2 in this case 

Table for finding the value of e' 

/ 2 ^ 2 ^ \ 

\ 2' 3' / 


) 

ith term 

(i + l)th tenn 

Smu to () + 1) terms 



2 

= — X jth term 

= Sum to 7 terms 




+ (j + l)th term 

0 

1 

1 00000 

1 00000 

2 

— X t 00000 = 2,00000 

1 

1,00000 

3 00000 

2 

2,00000 

2 

— X 2 00000 = 2 00000 

2 

5 00000 

3 

2 00000 

2 

— X 2 00000 = 1 33333 

3 

6 33333 

4 

1 33333 

2 

— X 1 33333 = 0.66666 

4 

6 99999 

5 

0 66666 

2 

— X 0 66666 = 0 26666 

5 

7 26665 

6 

0 26666 

2 

— X 0 26666 = 0 08888 

6 

7 35553 

7 

0 08888 

2 

— X 0 03888 = 0 02539 

7 

7.38092 





8 

0 02539 

— xO, 02:^39 = 0.00634 

7 38726 
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2 


9 

0 00634 

— x 0 00634 = 0 00140 

9 

7 38866 

10 

0 00140 

2 

— X 0 00140 = 0 00023 

10 

2 

7 38894 

11 

0,00028 

— X 0 00028 = 0 00005 

11 

7 38899 

12 

0 00005 

2 

— X 0 00005 = 00000 

12 

7 38899 

Note 

places 

We stop the process here as the contribution of the following terms to the sum upto 3 
of decimal will be zero 


Value of e ' to three places of decimal 

= 7 388 (by chopping off) 
or 7 389 (by rounding off) 


EXERCISE 14.3 


Find the values of the following, using power series of the function Give the answer lo 
three places of decimal, chopping off extra digits 


1 

^2 + g-2 

2 

2 

e^ 

3 

Sin 0 52 

4 

cos 0 52 

5 

sill 0 78 

6 

cos 0 78 

7 

log 5 

8 

•og, 7 


Use the expansion of log 



14.7 Numerical Integration 

You may recall 

(i) / f(x) clx represents the area of the region bounded by the curve y = f(x), the j:-axis 

/ fl 

and the ordinates x- a and x = h 

(ii) I'^unclameiilal Theorem of Calculus If a function Fix) exists such that F fx) = f(x) in 
[a, /;], then 


fix) dx = Fib) - Fia) 
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You have evaluated integrals / /(.v) dx by several methods In all such examples, you 

tfn 

were able to find h\x) where ' (x) = f(x) But it is not always so easy and sometimes even 

not possible to find a F(x) such that F'{x) = f(x) Plenty of such integrals occur in practical 
problems, particularly in science and engineering In such situations, integrals are evaluated 
by numerical methods, to get approximate values to the desired level of accuracy We will 



the region bounded by tlie curve ,i> = f{x), the r-axis and the oidmates x = a and r = ib 

Ti apezoidal Rule 

Divide the interval [n, ft], into n equal parts or subintervals by means of n points (= n), 
x,, . -V-, (= h) 



So, h = - 

n 

Now consider the region PQRS bounded by y = fix), the x-axis, the ordinates x = x^ and at = x, 

A] 

The area of the region = / fix) dx 
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Now consider the trapezium PQRS The area of this trapezoidal region is close to the 
area of the region PQRS bounded by y = f(x), Jt-axis and the ordinates x = and jr = jc, and 
we can make it closer still, by taking a suitably large value for n 


1 

If /(JC(|) =y^, /(jCj) =y^, then the area of the trapezoidal region PQRS is -— h (yi^ + y^) 

i-x. h ^ 

f(x)dx = — (y^ + y^) 


r 


0 (=<.) 


{Note In the above statement the sign '=’ stands for ‘approximately equal to’ ) 


Similarly 



h 

f(x) (/oc = Y (Vj + y^) 


'X , 
j " (=i>) 


J f{x)dx = --(y^_^ + y^). 


Adding, we get 


n -1 


/ 


f{x) dx =— [Oo + >'i) + (y, + + + (y„. 1 + y„)] 


^Y[(yo + 2(y, + yj+ ■ +y„.,) + y,]. 


His IS the trapezoidal rule for finding the approximate value of / /(jc) dx 




rapezoidal Rule 


f’’ h 

J f{x)dx=—\y^+2(y^+y^+- +y„.,) + yj 

ifa I 


The following example illustrates the application of the trapezoidal rule 

Example 14 7 


Evaluate by trapezoidal rule 
Solution 


A dx 

/o 1 + ’ 


taking n = 4 Give the answer to 3 places of decimal. 


b-a 2-0 

h= -=-= 05 

n 4 

The points x^, x^, x^ and x^ are 0, 0 5, 1 0,1 5 and 2 0 respectively 
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I 

X 

f 

1 

y ~ 

' 1 + X'* 

/ 

0 

0 

1 

- - 1 00000 

1 + 0 

1 

05 

1 

“ 0 94117 

1 + (0 5)'* 

2 

1 0 

1 

-= 0 50000 

1 + I'* 

3 

1 5 

H-a 

4 

20 

1 

-= 0 05882 

1 + 2’' 



dx 


h 

= — l>0 + 2(V,+3^2 + ^3)+.>^4l 


= ^ — j[l 00000 + 2(0 94117+ 0 50000 + 0.16494) + 0 05882] 

= (0.25) [4 27104] 

= 1 06776 


/ 


dx 

\+^ 


to three places of decimal = 1.067 (after chopping off the extra digits) 


= 1 068 (after rounding off) 

Simpson’s Rule 

Let us refer to Fig, 14 4 and the trapezoidal rule In the interval jcJ we considered j{x) 
to be close to the line tlirough the points (jc^, f(x^) and (x^, /(Xj)), so that the area of the 

trapezoidal region PQRS is taken to be the approximate value of / f{x)dx 

In Simpson’s rule, we consider another type of approximation to /(x) which is explained 
below 

As in the case of trapezoidal rule divide [a, 6] into n sub-intervals of equal length h by 
means of points x^ (=a), Xj, x^, , . , , x^ (= 6) 
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So, v,-.v„ = A-,-x,=Jr 3 -A 2 = ' =h. 

In tins metliod, we will consider a pair of consecutive sub-intervals at a time So ii has to be 
even 

In Fig 14 5 only the part of the graph of f(x) for the interval [jf;,, Xj\ is shown If 
P, Q, R are not collinear, there exists a unique parabola, passing through P, Q, R and having 
Its axis vertical We take this parabola in the interval as a closer approximation to 

fix) in that interval 



Now the equation of the parabola through P, Q, R can be taken as 


y = a+6 (jr-x,)+(14 13) 
where o, b, c are constants (to be determined) 

Since (A'o,y(|), (Jfpy,), (JCj.yj) are points on (14 13) we have 

y^ = a + bix^ - jc,) + c (x^jc,)^ = a - bh + ch'^ . (14 14) 

y, = a + bix^ - x,) + c ix^~ x,)^ = a (14 15) 

Vj = a + bix^ - X,) + c (Xj - x,)^ ~ a + bh + c}p (14 16) 

(Note X, - Xp = Xj - X, = h) 

From (14 15) 

a = y, .(14 17) 
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From (14 14) and (14 16) 


Or, 


+ Vj = 2a+ 2clf = 2v, + 2ch^ 
_ yp - 2.V, + .^3 
21? 


From (14 14) and (14 16) 


or, 


v, - = 2bh 




■1^2-^*^0 
2h 


Area under Hie parabola, jr-axis and ordinates Jc = -Xq and x = 
= / [O + ft (X - Xj) + C (j/- JT,)^] Jx 


ft(x-jc.)^ f(v~)r,)-^' 


ax 4 


ft c 

= a (Aj - v„) + — [(x^ - v,)^ - (X'n - X-,)^] + — [(^2 - V,)’ ■ 

ft <’ 

= a 2/1 + — u? - I?) + — [/»■’ - i-hf] 

2 3 


= 2ah + 


= 2/?y, + 


2c/r' 




21? I 


2/1)', 


= 2/iv,---- \ + -iyp + y,) 


4/7 V, ft 

—- + J 0^„+)'2) 


=Y[Vo+4,V, + ,V2] 


r 


f{x) dx=—\y^+ 4>1, + y^] 


"0 (= a) 


(14 18) 


(14 19) 
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(In the above statement the sign “=’ stands for ‘approximately equal to’) 
In a similar way, we get 



h 

f(x)dx=— 


h 

f(x)(ix=— \y^ + 4y^ + y^ 


h 

/ mdx=— \y„_^+ 4 y^_, + y„] 

■\-2 ^ 

Adding vertically, we get 

/ fix) tit = — [0, + + J^i) + Oj + 43/3 + 

a ^ 

+ (y4+^ys+yc)+ • + (>„. 2 + 4y„.j + ;^„)] 


h 


= y [^,,+ 43^, + 2.V2+4;^3+2:v,, + 4;^j+ ■ + yj 

h 


= y[yo+4(3^,+J^3 + ---+3'„.i)+202+3'4+-- ■+>„ 

fb 

pson’s rule for finding the approximate value of / f{x) dx 




ice the following structure in the expression within parentheses 
indji'^ occur with coefficient 1 . 

remaining 3 ^’s with even subscripts occur with coefficient 2 and the with odd 
:npts occur with coefficient 4, 

Rule 

h h 

f(x)dx = —\y^+4iy^+y^+ '+ 2 Oj+>'y '+3^„] 
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We take the same example that we took for illustrating the trapezoidal rule and illustrate the 
procedure for applying Simpson’s rule 


Example 14 8 
Evaluate by Simpson’s rule 


A dx 

L TT^’ 


taking n = 4 


Give the answer to 3 places of decimal 


Soluiwn 


b-a 2-0 

h= -=-= 05 

n 4 

Therefore, = 0, jCj = 0.5, = 1.0, = 1 5, x,, = 2 0 


X 

J 

1 

1 + 

r 


1 

0 

-= 1 00000 


1 + 0 


1 

05 

;- 7:7 = 0 94117 


1 + (0 5y 


1 

1 0 

-=0 50000 


1 + (1 O)'^ 


1 

1 5 

-7 = 0.16494 


1 + (1 5)“’ 


1 

20 

-T= 0 05882 


1 + (2.0)'* 


2 dx h 

= — l>o + 4(yi+y3) + 2y2 + yJ 


Jo I 3 
I 05 


[1.00000 + 4 (0 94117 + 0 16494) 


= 1 us 

A dx 

/ -to 

Jo I + xl^ 


+ (2 x 0 50000)+ 0 05882] 

= 1 08054 

three places of decimal = 1 080 (after chopping off) 
= 1081 (after rounding off) 
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1 Evaluate the integral 


I 1 + v 


EXERClSfri4.4 


Also, evaluate this integral using 


(a) trapezoidal rule taking n = 4, 8 

(b) Simpson's aile taking n = 4, 8 

In each case find your answer to three places of decimal (extia digits dropped) and find 
the enoi 

/' dx 

2 Evaluate the integral /-Also, evaluate the integral using 

4 1 

(a) trapezoidal rule taking n = 2, 4 

(b) Simpson's rule taking n = 2, 4. 

In each case find your answer to three places of decimal (extra digits dropped) and find 
the eiior 


i Evaluate 


/-for p = 0, 1 using 

/ -v’ H- 12 


(a) trapezoidal rule 

(b) Simpson's nile 

taking H = 4, Give your answer to four places of decimal (extra digits dropped) 
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EXERCISE ll.I 


1. 

2 . 

3. 

4. 


{[fiUL iiin\ uTii im\ Tint, rirr, rni, rn) 

{fin. rif iin. inx firx im, inx lire, rn, rn, ri\ in, rn, in} 

{inn, Jim, fnn, iifn, inn, iifi 6 , iin, rni, vn, im, rin, nib, inn, 
irrr, nil, iit] 

Deiioling the balls by R^, R^, /J,, the sample spaces may be described as follows 
(a) {/e,.(b) {RJl,,R^R^,RJi,,RJX,RJl^,R,R,} 

(Cl {RJiJl,,RJXR^,RJXIi^,RJiJ(^\ (d) {R,R,R,R^) 


5, Denoting the led balls by R^, /f,, /?,, R^/md black balls by /J,, li„ /<,, the sample spaces 
are as follows: 

(a) {R,,R„R,,R^,li,,irii,\ 

(bi [RJ(„ RJl^, RJl^, /Vf,. R,R^. i\lK B^liy /^,/^„ /^V ^V^>' 

RJl, RJi^, RJi,, RJl^, 


6. Red, Red, Red, Black, Black, Red. Black, Black 

7. {7, in, in, 115, fi2\, nil, im, iiix im, nib, ini, ini, im, im, im, im, 
llbl, llbl, im, llbA, llbS, llbb} 


EXERCISE 11.2 

t. (a) (h) {n, n,n,l\rs, I’b] 

2. {B^(\, li^d,, /i/;,, /i/;,, fl/;,, (;/;,} 

3. (1) [ (lO /^--{f/2 //3,/f5.72,73, 7'5} 

( 111 ) (' = {7 1,73, 75} (IV) I) = {in. 111, in, in, ns, llb, l\, ll, 73, 74, IS, Tb\ 

4. (1) ,1-{{///, //7'} (11) /} - (72, /'4, 7'6} 
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(111) C= {71, 72, 73, 7’4, T5, 76, HI'} 

(iv) D= {T\, 73, 75} 

EXERCISE 11.3 

1. (a) (i) A'-= B (ii) yj'=/l (ill) £' = getting the sum of the numbers less than 10 

(IV) S (V) 0 (VI) {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6), (2, 1), (2, 2), (2, 3), 
(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), (4, 1), (5. 1), (5, 2), (5, 3), (5, 4), (5, 5), (5, 6)} 

(vii) {(1,1), a, 2), (1.3), (1,4), (3,1), (3, 2)} 

(viii) {(4. 6), (6. 4), (6, 3), (6, 6)} 

(IX) {(1. 2), (1, 4), (1, 6), (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (3, 2), (3. 4), 

(3, 6), (4, 1), (4, 2), (4, 3), (4. 4), (4, 5), (4, 6), (5, 2), (5, 4), (5, 6). (6, 1), 

(6, 2), (6, 3), (6, 4), (6, 5), (6, 6)} 

(X) {(2. 1), (2, 3), (2, 5), (4, 1), (4. 3). (4, 5), (6, 1), (6, 3), (6, 5)} 

(b) (i) T (ii) T (lii) T (iv) F (v) T (vi) F (vii) F (viii) T (ix) T (x) F 


EXERCISE 11.4 



9 

1 

1 

1 

7 

1. 

— 

2. (a) — 1 

:b) — 

(c) — 

(d) — 


25 

2 

13 

26 

13 


1 

5 

1 

2 

3 

3. 

(0 - 

(11) — (ill) 

— 

(IV) — 

(v) — (vi) 1 (vii) 0 


3 

12 

4 

3 

4 


1 

1 

33 

1 


4. 

0) - 

(li) — (in) 

— 

(IV) — 



2 

2 

100 

5 



3 

47 

19 

3 



(V) - 

(vi) - (vii) 


(viu) — 



50 

100 

100 

10 



1 

1 

1 

3 

1 3 

5. 

T 

(11) — (111) 


(iv) — 

(V) — (VI) — 


2 

2 

4 

4 

4 4 

6. 

(1) F 

(11) T (ill) T 

(IV) F 
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EXERCISE 11.5 




5 


7 


35 


29 


10 



1, 

(1) 

— 

( 11 ) 

— 

(111) 

— 

(IV) 

— 

(V) 

— 





34. 

102 

102 

34 

17 





5 


1 


1 


2 


5 

28 

21 

2. 

(1) 

— 

(11) 

— 

(111) 

— 

(IV) 

— 

(V) 

— 

(VI) — 

(vii) -- 



33 

11 

22 

11 

22 

33 

22 



1 


13 


1 


32 





3. 

(0 

— 

( 11 ) 


(111) 


(IV) 








17 


102 

221 

221 







91 


35 


137 


4 





4. 

(0 

— 

( 11 ) 

— 

(111) 


S. 

— 







228 

76 

228 


7 






EXERCISE 11.6 


1 . (0 


11^11 11 1 
4’ 4 ’ 12’ 12 ’ 12’ 12 ’ 12 ’ T 2 


1 1 

( II ) — (ill) — 2. ( 1 ) The sample space consists of 52 elements with 

4 4 

1 ^ 1 

probability -each, and 4 elements with probability each, ( 11 ) —^, 

130 20 ’ ^ 10 

1 3 3 

(III) —, (IV) — , (V) — 

5 20 10 


EXERCISE 11.7 


1 . 


(i) 

2 4 




2 2 



EXERCISE 11.8 


1. (a) and (b) 


2. (a) 
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EXERCISE 11.9 


4 7 

1. (i) — , — 

135 27 


3 1 

2, (a) — (b) - 


1 . 


25 

52 


4. — 

4 


2 

2 . — 

5 


5. 


27 

83 


3. 


EXERCISE 11.10 

33 55 15 


118’ 118 ’ 59 


1 

6 , — 

52 


EXERCISE 11,11 


1 . X ({/-j, j-j. '‘ 3 }) = 3, A' ({fj. b^)) ■-= 1, etc 

where (? = 1, 2, 3) denote led balls and b^Q = 1, 2, 3, 4) denote black 
balls There are 7^ = 343 elements m the sample space 

2. The sample space has C (7, 3) = 35 elements and we will have 


A" rj, 

'• 3 }) 

= 3,A''({ri, 

= 1, and so on 





EXERCISE 11.12 

14 

15 

16 

17 

18 19 20 

21 

r 

1 

2 

3 

1 2 3 

1 

15 

15 

15 

IS 

15 15 1? 

15 

2. (a) 

1 

5 

(h) 

2 

3 

7 

(c) — 

^ ^ 15 



1. ( 1 ) — 

32 


Cu) 


64 


(Hi) 


EXERCISE 11.13 

63 ^ 25 


2 . 


64 


216 


19 \ 29 

3. 1 — X — 

20 20 
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MISCELLANEOUS EXERCISE ON CHAPTER 11 


1. (a) Sample space has 36 elements 

(1. n.(l,2), . , (2, 1), (2, 2), . , (5, 3), (5, 4), , (6, 5). (6, 6) 

(b) {(1, 1), (1, 3), (I, 5), (2, 2), (2, 4), (2. 6), (3, 1), (3, 3), (3, 5). 

(4, 2), (4, 4), (4, 6), (5, 1). (5, 3), (5, 5), (6. 2), (6, 4), (6, 6)}, 

{(I, 2), (2, 1), (2. 2), (2, 3), (2. 4), (2. 5), (2. 6), (3, 2), (4, 2), (5, 2), (6, 2)}, 

E u F, {(1, 1), (1, 3), (1, 5), (3, 1). (3, 3), (3, 5), 

(4, 4), (4, 6), (5. 1), (5, 3), (5, 5j, (6. 4), (6. 6)} 

2 1 13 5 


2. (a) (/i' F n G‘') KJ (E r\ P" r\ G) (E" o F o (7) (/r n F n G) 

(b) (E r^F■ r^G'^)Kj {E<^ F G‘-) ’u (E"^ F^ i-, ff) 

(c) £■ n 7^' n C‘' 

(d) (£‘ r\ F n G') \j(E r^F n> G‘) 'uiE'- nFr^ G‘) 'u r-^ F n G) 

'^(E r^F G‘) (/? n /'■*■ r\ G) u {E‘^ r\ F r\G) = (E r\ F n G)® 

(e) (^E n\F r\ G") (£ n rt G) \j {E" nt F rt G) 

‘4. (a) 1 (b) y (C) y (d) y 


Ca3,2) C(ll,3) 

5. - =03 (approx ) 

C (24, 5) 
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3 1 3 

6 . PiE)^ — ,PiF)= — ,P(EnF)^ — 

^ 4 2 8 

7. If event E unplies the event F then the probability that out of the two events 
only F occurs is P (_F) - P {E ). 

23 

8. Yes in all cases 10. — 

42 


1 

12. P {E r\F n\G) = P (card drawn is a red king) = — 



1 1 

13 (a) — (b) — 

2 2 


2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

14, 1 

2 

3 

4 

5 

6 

5 

4 

3 

2 

1 

36 

36 

36 

36 

36 

36 

36 

36 

36 

36 

36 
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12 f 12 y 12 y 1 3 y 

».(.)(-) (..) 7x(-j „rt20x 

1 2 

21. — 23. — 

7 3 

EXERCISE 12.1 

1. (a) 23 + 4 = 27 (b) 27 + 59 + 28 + 194= 308 

MISCELLANEOUS EXERCISE ON CHAPTER 12 

1. (e) 17 (f) 45 

2. (a) -0 0001, (b) Scatter diagram consists of two straight lines 

(c) Without the scatter diagram we would conclude that there is no relationship But 
the situation is quite different 

3. (a) 0 03 (b) The scatter diagram shows points lying close to a curve which first 

increases and then decreases 

(b) The relationship between the variables is not disclosed by the correlation coefficient 
because it is not linear 

4. (a) -0 13 (b) 25 6 (c) 0 95 (d) 36 2 

C O 

5. (b) Ovi* — “0|;ai Ouu ~ “®xi> 

0 C 

8. 4 9. 0 78 10. 2.1 

11. x+2y- 5 = 0 12. 0 23jr+37 = 621 

13. -0 3162 

14. Regression line of y on j: is y = 1 5jr + 0 67 
Regiession line of jc on _v is jc = 0 64 y - 0.36 




MAJ'HljMAriCS 


72 a 


EXERCISE 13.1 


1. 

0) 

307 (n) 

1755 

(lit) 

1817 (iv) 21845 

2. 

(0 

10110110 

(») 

11100001 

(tu) 1111101000 


(iv) 

10000000000 

(V) 

10011101 

110 

3. 

(0 

1100 001 

( 11 ) 

11010 01 

(111) 100111 101 


(IV) 

1001010 0011 




4. 

(i) 

5 625 (u) 

3.375 

(in) 

10 6875 (iv) 7 9375 

5. 

(0 

158 25 (11) 

278 078125 

(111) 212 140625 


(IV) 

157 328125 




6. 

0) 

222.4 (n) 

413 2 

(ui) 

666 1 (iv) 1264 5 

7. 

( 1 ) 

2863 3125 

(n) 

2748 125 

(111) 451 8125 


(iv) 

687 625 




8. 

(0 

101 8 ( 11 ) 

416 4 

(111) 

D89 2 (iv) 1096.4 

9. 

(0 

1272, 2BA 

(11) 

3155, 66D (ui) 14667, 19)57 


Civ) 24723,2903 




10. 

(i) 

10100111 


(li) 1101010111 (iii) 10000110100 



11010011010001 



11. 

(0 

10101111001101 

( 11 ) 

1010011111011111 


(111) 

1010101111001101 

(IV) 

11100001101111110010 





EXERCISE 13.2 

1. 

(0 

1235,6 X 10^ 


( 11 ) 

1 2356 X 10" 


(111) 

12356 X 10^ 


(IV) 

0012356 X 10" 

2. 

( 1 ) 

52 463 X 10'' 


( 11 ) 

52 463 X 10-" 


(111) 

52,463 X 10-2 


(IV) 

52 463 X 10-" 

3. 

(0 

124365 X 10’ 


(11) 

124365 X 10“ 


(111) 

124365 X 10" 


(IV) 

.124365 X 10" 

4. 

( 1 ) 

.54517 ^:07 


(11) 

13054£11 


(111) 

13480£06 


(IV) 

17698 £-01 
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5. 

(il 

278721 EQl 

(11) 

64.0486 £05 


(ill) 

440038 Zi05 

(IV) 

142174 £ 02 

6. 

(1) 

267948 E - 03 

(11) 

814160 £05 


(hi) 

165100 £08 

(IV) 

.639870 £-06 

7. 

(i) 

3S5936 £07 

(nl 

577119 £10 


(111) 

647707 K - 04 

(IV) 

156032 £-06 

8. 

(I) 

7083 £05 

(li) 

3183£01 


(lii) 

8749 £ - 06 

(iv) 

2060 £01 

9. 

(0 

2539 £07 

(11) 

1251£08 


(111) 

2871 £-03 

(iv) 

3373 £01 

10. 

(1) 

2540687 

Oi) 

3033010 


(ill) 616004 

(iv) 

4493385 

11. 

(1) 

230857 

(11) 

5413013 


(ill) 693399 

(IV) 

4887607 

12. 

(1) 

10010110010 

(11) 

llOOOOllOl 11 


(111) 

lOOllIOlOllOO 

(IV) 

110010000111010 

13. 

0) 

10011001110 

(11) 

1100000001010 


(111) 

lllOlOllllOlO 

(iv) 

110101011101010 


EXERCISE 14.1 

1. (i) 1.86 ( 11 ) 0 75 ( 111 ) 2 27 (iv) -2 10 

2. (i) (754,1) (h) (2 278,2 5) (lii) (-2 109,-2,101) 

3. (i) 0 754 (ii) 2 270 (m) -2104 

(iv) 2 706 (v) 2 093 (vi) 1,796 

(vii) 2 620 (viii) 0 656 (ix) -0 199 


EXERCISE 14.2 

1. (i) jc = -3 055, y = 6 666, z = -2.777 
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(u) Jf = 7,,v=-9,z = 5 

I (i) x= 1 769,1'= 0231 
(ii) Jf = 246,_v = 071,z = -089 


EXERCISE 14.3 

1. 3 801 2. 20085 

3. 0496 4. 0868 

5. 0 703 6. 0711 

7. 1 613 8. 1 942 


EXERCISE 14.4 

1. (a) 1116,1135 (b) 1 099,1 098 

2. (a) 0 775,0782 (b) 0,783,0 785 

3. (a) 0,0815(P = 0),0,0402(P=1) 

(b) 0 0816 (P=0),00403 (P=l) 



ERRATA 

for 

Mathematics Textbook for Class XU ; Part I 


Page No and 

For 

Read 

Reference 



8,2nd line 

[ka + la^^] 


from top 


8, 13th line 
from top 

Notebook - 130 paise each 

Notebook - 120 paise each 

9, 5th line 



from top 


11, 6tli line 
from top 

1 ^k<n 

1 ij<.n 

11, 7th line 
from top 

(k, j) th element 

(j, s) th element 


n P 

n P 

11, 9th line 
from top 

1 1 


; = U=1 

J=lk=l 


n n 


11, 4th line 
from bottom 


r V 


y=l 

7=1 7=1 


a 

a 

15, Q 20 

- tan — (element o^j) 

tan — 

2 

16, Q 22 

Let/(jr)=jc^-5jr+ 6 

Find .4" - 5A + 6/ 

Find /(^) if 

if 


n 

n 

23, 4th line 
from top 


1 «.c„ 


1, ", . 

k=l 





Page No and 
Reference 

For 

Read 

31, 6 th line 


D 

from bottom 


,x ~ — - 
D 

34, 19th line 
from top 

[-C, + C,. C 3 - C,] 

[C 3 + C,. C 3 -CJ 

34,20th line 

-3 (element in the 3rd row' and 

3 

from top 

3rd column 1 e a^^) 


75, Q 4 

lim 

jc -> 1 ji;+ 1 

jp - 1 
lim- 

1 4 ;- 1 

76 Q. 9 

, x‘' - 3jc3 4- 2 

lim 

, - 3r^ + 2 

Inn 

.¥ -> 0 - 5jc^ + 3jr + 1 

X -4 1 x' - 5j(^ 4- 3;e f 1 

84,19th 
line from top 

Ignore the second line of the remark' “Otherwise, the limit 
will not be 1 ” 

86 , Q 10 

Ignore this problem with Us answer 

89. Q 8 

Ignore the hint against Q 8 


19th line 

examples 2.25 and 2 26 

examples 2 16 and 2 17 

m top 



’ 19 

T t /r U'lfJcSO 

Let/(x) 

- Uifj;> 1 

Ul/W= 


d dg df 

- (/g) = /~+g- 
dx dx g 

d dg df 

— ifg) = f~ +g — 
dx dx dx 


1 

e 

1 

X T 


tan 0 1 

sin -=-— 

tan 0 , jc 

sin 0= -- --- 


Vl + tan^ 9 Vl + X ^ 

Vl4-tan^0 Vl-Kic^ 


Differentiate 
cos"^ - 3x), 


Differentiate 

cos'^ (4;i:^ - 3>;), (-] <x< 1) 



Pngt’ No an(l 
Rejcrence 


For 


Read 


135, Qs 
2, 3 and 4 

135, Q 5 

135, Q 6 


— Csec ' x) 
dx 


sin"* (cos jc) 


d 

— (sec"' x) for j: > 1 
dx 

cosec"' X for x > 1 
sin"* (cos x) for 0 < jf < 


135, Q 12 

142, Ex 3 27 


cos 


1 +.r 


-1 


dx 


/ 

\ 

cos 

1 + X 1 

2 ) 


2 

-1 


(-l<.v< 1) 

Replace the second method of solution- and the remark on 
page 143 hy the following: 

Problems on derivatives of inverse trigonometric functions can be easily solved by making 
suitable substitutions However, it is found that results may depend on the choice of the 
substitutions This is because they may cover different allowd intervals of the independent 
variable This is explained m the case of the given problem The solution to this problem can 
be tried either by choosing x = cos t? or x = sin 6 We discuss the two cases separately. 

Case (i) Let x = cos 0. Then 

y = COS"' (4r' - 3x) = cos"' (4 cos^d- 3 cos t?) = cos"' cos 30 = 30 = 3cos"*.v. 

As the principal value branch of cos"*x lies in [0, tt], 

Tt 1 

0 £ 30< rc => 0 <: 0 <;— =>—<:x = cos0<l 
3 2 

dy d 3 1 

• — = (3 cos"*x) = - — — when — <x< 1 

dx dx 2 

Case (n): Let x = sin 6 Then 

y = COS"' (4x^ - 3x) = cos"' (4 sin^ 0 - 3 sin 0) = cos"' (-sin 3 0) 

. /\ It It 

= COS"' cos —+ 30 = —+ 30= — + 3 sin"'x 

U / 2 2 

71 7t 7E 

Using the same argument as given above, we have OS30+ —<7i=i - — <0< — 


dy d 

. — = — — +3 snr'x 1 
dx dx \ 2 

3 1 1 

= -=3:^ when - — < X < — 

Vi - 2 2 

Remark It can be shown similarly by putting x = - cos 0 that 
dy 3 1 

— = - , when -1 < X < - — ■ 
dx VT^ 2 


1 1 

— £x = sin 0S— 
2 2 





IV 


Page No and 
Reference 


144, Q 2 


144, Q 3 


144, Q 4 

144, Q 5 

145, Q 7 


146, Q 7 
150, Q, 14 

159, 14th 
line from top 

160, 13th 
line from top 

161, Q 7 
168, Q 10 

172, Fig 4 14(b’) 

173, Fig 4 15 (b) 

182, Q 2 (xii) 

183, Q 22 
137, last line 
188, Q 8 (b) 


For 


Read 


sin ' (ix — 4jr’) 


sin ' Qx — 4jf^),|—— < X <—] 


sin 


cos 


sec 


2x 

l+jp 

l-rP 

l+rP 

1 

1 -2x^ 


sin 


cos 


lx 

l+xP 

1 

1 + Jr4 

1 


, t-1 <jr< 1) 


, (X > 0) 




sin"’ ) 


X 

1 H-JC^ 

cosec'‘ - 

2x 

The'enclosed area is increasing 
at the rate of 80 cni% when 
r= 10 Cm 


sin-' (2xfi ), 

/I M 

-<x< — 

j I V 2 ’^1 

/1+X2 \ 

cosec"' I ■ ^ I, (0 < J( < 1) 

The enclosed area is increasing 
at the raleof 80jrcm^/s when 
1 " = 10 cm 


ds 5 
dt ~ 2 


dx 5 

— =. — kinyii 

dt 2 


Ignore this problem with its-answer 

[1.2] (1,2) 

Ignore this figure and its reference 
Ignore this figure and ils reference. 

Ignore this problem with its answer 

maximum miminum 


/(c) = 0 /'(c) = 0 

>' = cos ;e - i on [0, 2] = cos js - 1 on [0, 27t] 




IV 


Page No. and 
Reference 


144, Q 2 

144. Q 3 

144, Q 4 

144, Q 5 



145, Q 7 siir* ) sin'’ ), 


I ^ M 

- <x< — 

\ V2 y/ll 


146, Q, 7 

X 

4x^ 

150, Q 14 

cosec'^ - 

2>; 

cosec'* 1 ^ 1, (0 < Jc < 1) 

159, Ulli 
line from top 

The'enclosed area is increasing 
at the rate of 80 -cm^/s when 

The enclosed area is increasing 
at the rateof SOncm^/s when 

r = 10 cm 

r = 10 cm 

160, 13tli 
line from top 

C/.T 5 

dt ~ 2 

* =lkm/h 

dt 2 

161, Q 7 

Ignore this problem with its-answer 

168. Q 10 

[1.2] 

(1.2) 

172, Fig 4 14 (bl 

Ignore this figure and its reference 

173, Fig 4 15 (b) 

Ignore this figure and its reference 

182, Q 2(xii) 

Ignore this problem with its answer 

183, Q, 22 

maximum 

minimum 

187, last line 

/(c) =0 

m = 0 

188, Q 8 (b) 

.y = cos X - i on [0, 2] 

y = cos JC “ 1 on [0, 27i] 



IV 


Page No and 
Reference 


144, Q 2 

sin"' (ix - 4jr’) 

sin"' (3 ji' - 4ji4), 

i-T'-l) 


,/ \ 


2x \ 

, (~1 <x < 1) 

144, Q 3 

sin - T 

sin~' 

\l+x^j 







M -Jc2 \ 


144, Q 4 

COS"' - 7 

cos"' 

\ 1 / 

, > 0) 

1 1+^1 



144, Q 5 

j 1 


— 1 

1 ^ 

, 0 “ 

SGC 

sec ^ 


1 -2iir^ 

\ 

145, Q 7 

Sin"' (2xf[ _jc2) 

siir* 1 






f 1 n 



1 


V2 

146, Q 7 

X 

Ax^ 




l+x2 


l\+x^ 

\ 

150, Q 14 

cosec ' 

cosec 


V 

V 
o 

2if 


\ 2ii: 

159, 14th 

The'enclosed aren is increasing 

The enclosed area is increasing 

line from top 

at the rate of 80 cm^/s when 

at therateof BOTtcm^/s when 

r = 10 cm. 

r = 10 cm 


160, 13 th 

ds 5 

— = — km/h 

line from top 

dt 2 

dt 2 


161, Q 7 

Ignore this problem with US'answer 



168, Q 10 

[1,2] 

(1.2) 


172, Fig 4 14(b) 

Ignore this figure and Us reference 



173, Fig 4 15 (b) 

Ignore this figure and its reference 



182, Q 2 (xn) 

Ignore this problem with its answer 



183, Q. 22 

maximum 

niimmum 


187, last line 

/(c) = 0 

/'(c) 

= 0 


188,Q 8(b) 

= cos jc - 1 on [0, 2] 

= cos If - 1 on [0, 27 c] 



Page No and 
Reference 


For 


Read 


191, Q 5 
191, Q 6 
197, Q 5 

197, Q 7 

220, Q 3 

221, 1st line from top 
221, 14th line from top 
240, Q, 1 

243. Q. 15 

245, Q 12(1) 

246, Q 14(111) 

247, Q 1 ( 111 ) of Ex 1 4 

247, Q 2(0 of Ex. 1 4 

247, Q 2 (vi) of Ex 14 

247, Q 4 of Ex 1 5 

248, Q 8 of Ex 2 1 

248, Q 1 of Ex 2 3 

248, Q 2 of Ex 2 3 

249, Q 9 of Ex 2 6 

250, Q 11 of Ex 3 2 

250, Q 2 of Ex 3 4 


ajp + byp- + CX + d 
ayp + hyp + cx + c 
Vo 037 

7t 22 

X changes from — to- 

2 14 

~i~p/\~q)=py\q 
and ~('-pv~g) = pvg 
~{pyq) = ~pv~q 
P+{[p' (P + 9)] + (g '■)} 


axr + hyp + ex + d 
ayp + ex + e 
Vo 0037 

22 7t 

X changes from — to — 
14 2 

~i~pA~q}=pvq 
and ~l~jy\/-q)=pAq 

~{py q) = ~p \ ~q 
P+{[P' (/’+^)] + (^ P)}- 


Ignore this problem with its anxwer 


+ 0 + c/^ + flc + bd\ 
-6, -2, 5 in the third row 


i_ r 3 1 

7-12 

I- J 

-2 0 - 
- -9 -2 

-6 -1 


[a^ + + P + (fl ac + bd], 

6, 2, 5 in the third row 


_ 3 

8 -1 


the given answer 


r 31 
0 , — 
2 _ 


the given answers 
the given answers 


t = - —, no 
2 



sin (sin x), 4x, not the same 


Ignore this problem with its answer 
1 

SdC^x + 2 cos Jf - — - e' 

2jc 


1 + tan ir + x sec^x 


sec^x + 2 cos X - 3 sin X 
1 

- —' 
2x 

1 + tan X - X sec^x 


(1 + tanx)^ 


(1 + tan x)’ 


t^a^c No and 
Ksjerence 


VI 


Read 


For 


251. Q 4 of Ex 3 8 

252, Q 8 of Ex 3 9 

252, Q 6ofEx. 3 11 

253, Os, 8 to 22 of Misc 
Ex on Chapter 3 


e^ - cos^v sin-x x 

cr* 

cos’v sinlv X 

[1-3 tan X + 2 cot x] 

[1- 

- 3 tan X -t 2 cot x] 

cos 0 1 2 cos 10 ^ 


1 cos 0 -12 cos 20 

sin (9 + 2 sin 20 j 


^sm 0+2 sin 20 j 

1 + lOgJt 


1 + log X 


(jc+logjt:)^ (x-logA:)^ 

Ignore 0 S with its answer and replace Qs. D, JO, 11, ,22 by 

8 9, 10, ,21 respectively 


253, Qs. 23 fi) and (ii) 

253, Qs 25, 29, 31 

254, Q 3 of Ex 4 1 


23 (0 2x sin 2x^ 

1 ■> 

(ii) — seer — 
2 2 


22 ( 1 ) 2x sill 2eF 

,1 ^ X 

(n)— sec- -- 
2 2 


Replace Qs 25, 29 and 31 by 24, 28 and 30 respectively 
« = 3,{i = -2, c = 6 £1 = 3, i) = -2, c = 5 


254, Q 1 of Ex 4 2 
254, Q 6 of Ex 4 3 

254, Q 7 of Ex 4 3 

254, Q 3 of Ex 4 3 

254, Q 10 of Ex 4 4 
254, Qs. 1 (i) to (ix) 


12250 

12250 m 

8 

8 

-m/s 

— in/s 

3 

3 

Ignore this answer 

— cin^/s 

1 

— cm/s 

71 

TT 

-4 

-2 

the given answers 

1. (i) ] 


(li) Max = 10 

(iii) Min =-2 

(iv) No max, or no mm 

(v) Min. = 0 

(vi) Max =3 

(vii) Min = 4, Max = 6 
(viii) Max = 4, Min = 2 
(ix) Max = sin 1, 

Min, = -sin 1 



Page No and 
Reference 


For 


Read 


255, Q 2 (xii) 

255, Qs 2 (xiv) to (xix) 


255, Q, 5 (lit) 


255, Qs 7, 8 


255, Q, 22 


256, missing Qs 
5, 6 of Ex 4 7 


Ignore this answer 

In place oj the given answers, read the following 
7t 1 

2 (xiv) Mm at jc = —, Value = — 

4 2 

It V3 ^ 

(xv) Mm atJi: = - —, Value =-+ — 

6 2 6 

It ^ 7t 

Max at Jc = —, Value =-- — 

6 2 6 

(xvi) Mm at Ji; = 3, Value = 0 
(xvii) Mm at X = 1, Value ^ 0 

3 108 

Max at r = —, Value = 

71 1 

(xvm) Mm at x = — , Value = - 

4 ‘512 

(.xix) Mm at X = -1, Value = 0 

1 3456 

Max. at X = - —, Value = : 

5 3125 


Mm =-l 77 
Max = 19 625 


Mm,=-1 75 
Max = 19 625 


7 Mm, at x = 2, Value = -39 7 Mm at x = 2, Value = -39 

Max at X = 3, Value = 16 Max at x = 0, Value = 25 

8 Mm -55 8 8 Mm = -63 

Max =321 Max =257 

The cylinder with The cylinder with 


radius 


. / 50 \T 

radius — cm and 


(50 \i 

height 2 — cm 


Write the following answers of Qs 5 and 6 


1 1 

5 c= 0 c- — 

2 V3 


47t cirt^ 


257, Q 8 


47t 




264, Q 16 16 17 

264, missing Q 16 ths answers of Q 16 as follows 


16 (i) (p + <?) (p + r) 

00 [r + q) (z' + P) (^+P) (J + g) 


Answers of Exercise 1.7 



(viii) X = 2, _y = 1 ,2 = 3 





